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Ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà:

∂Vx

∂t
+ Vx

∂Vx

∂x
+ Vy

∂Vx

∂y
+ Vz

∂Vx

∂z
= −∂P

∂x
+ ν

(
∂2Vx

∂x2
+
∂2Vx

∂y2
+
∂2Vx

∂z2

)
,

∂Vy

∂t
+ Vx

∂Vy

∂x
+ Vy

∂Vy

∂y
+ Vz

∂Vy

∂z
= −∂P

∂y
+ ν

(
∂2Vy

∂x2
+
∂2Vy

∂y2
+
∂2Vy

∂z2

)
,

∂Vz

∂t
+ Vx

∂Vz

∂x
+ Vy

∂Vz

∂y
+ Vz

∂Vz

∂z
= −∂P

∂z
+ ν

(
∂2Vz

∂x2
+
∂2Vz

∂y2
+
∂2Vz

∂z2

)
,

∂Vx

∂x
+
∂Vy

∂y
+
∂Vz

∂z
= 0. (1)

Êëàññ òî÷íûõ ðåøåíèé Ëèíÿ, ïðåäëîæåííûé
äëÿ óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè:

Vx = U (z, t) + u1 (z, t)x+ u2 (z, t) y,

Vy = V (z, t) + v1 (z, t)x+ v2 (z, t) y, Vz = w (z, t) .

P = P0 (z, t) + xP1 (z, t) + yP2 (z, t) +

+
x2

2
P11 (z, t) + xyP12 (z, t) +

y2

2
P22 (z, t) . (2)

Lin C.C. Note on a class of exact solutions in magneto-hydrodynamics // Arch.
Rational Mech. Anal. � 1958. � Vol. 1. � P. 391�395.
Euler L. Principia motus �uidorum // Novi Commentarii Acad. Sci. Imp. Petrop.
� 1761. � Vol. 6. � P. 271�371.



Ïîñëåäíèé îáçîð, ïîñâÿùåííûé èçîòåðìè÷åñêèì ðåøåíèÿì (4):

Àðèñòîâ Ñ.Í. Êíÿçåâ Ä.Â., Ïîëÿíèí À.Ä. Òî÷íûå ðåøåíèÿ óðàâíåíèé Íàâüå-
Ñòîêñà ñ ëèíåéíîé çàâèñèìîñòüþ êîìïîíåíò ñêîðîñòè îò äâóõ ïðîñòðàí-
ñòâåííûé ïåðåìåííûõ // Òåîðåòè÷åñêèå îñíîâû õèìè÷åñêîé òåõíîëîãèè. �
2009. � Ò 43. � � 5. � Ñ. 547�566.

Êëàññ (4) äâàæäû, íà ñêîëüêî èçâåñòíî, îòêðûâàëñÿ çàíîâî.

1. Äëÿ çàäà÷ êîíâåêöèè ñ ïðîôèëåì òåìïåðàòóðû

T = T0 (z, t) + xT1 (z, t) + yT2 (z, t) :

Ñèäîðîâ À.Ô. Îá îäíîì êëàññå ðåøåíèé óðàâíåíèé ãàçîâîé äèíàìèêè è
åñòåñòâåííîé êîíâåêöèè. ×èñëåííûå è àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ çà-
äà÷ ìåõàíèêè ñïëîøíîé ñðåäû // ÓÍÖ ÀÍ ÑÑÑÐ. � Ñâåðäëîâñê, 1981. �
Ñ. 101�117.
2. Äëÿ çàäà÷ êîíâåêöèè ïðîâîäÿùåé ìàãíèòíî æèäêîñòè ñ ïðîôèëåì òåì-
ïåðàòóðû

T = T0 (z, t)+xT1 (z, t)+yT2 (z, t)+
x2

2
T11 (z, t)+xyT12 (z, t)+

y2

2
T22 (z, t) ,

Àðèñòîâ Ñ.Í. Âèõðåâûå òå÷åíèÿ â òîíêèõ ñëîÿõ æèäêîñòè : àâòîðåô. äèñ.
... äîêò. ôèç.-ìàò. íàóê: 01.02.05 � Âëàäèâîñòîê: ÈÀÏÓ, 1990. � 32 ñ.



Ïîñëåäíåå îáîáùåíèå (4) áûëî ïîëó÷åíî äëÿ óðàâíåíèé òåðìîäèôôóçèè
ñ ó÷åòîì ïåðåêðåñòíûõ äèññèïàòèâíûõ ýôôåêòîâ Ñþðå è Äþôîðà

Vx = U (z, t) + u1 (z, t)x+ u2 (z, t) y,

Vy = V (z, t) + v1 (z, t)x+ v2 (z, t) y, Vz = w (z, t) .

P = P0 (z, t) + xP1 (z, t) + yP2 (z, t) +

+
x2

2
P11 (z, t) + xyP12 (z, t) +

y2

2
P22 (z, t) .

T = T0 (z, t)+xT1 (z, t)+yT2 (z, t)+
x2

2
T11 (z, t)+xyT12 (z, t)+

y2

2
T22 (z, t) ,

C = C0 (z, t)+xC1 (z, t)+yC2 (z, t)+
x2

2
C11 (z, t)+xyC12 (z, t)+

y2

2
C22 (z, t) .

Àðèñòîâ Ñ.Í., Ïðîñâèðÿêîâ Å.Þ. Íîâûé êëàññ òî÷íûõ ðåøåíèé óðàâíåíèé
òåðìîäèôôóçèè // Òåîðåòè÷åñêèå îñíîâû õèìè÷åñêîé òåõíîëîãèè. � 2016.
� Ò. 50. � � 3. � Ñ. 294�301.



1. Òî÷íûå ðåøåíèÿ Ñòîêñà (ïåðâàÿ, âòîðàÿ è òðåòüÿ çàäà÷è Ñòîêñà)

(U (z, t) ; 0; 0) , P = const.

Stokes, G.G. On the e�ect of the internal friction of �uid on the motion of
pendulums // Camb. Philo. Trans. � 1851. � Vol. 9. � P. 8�106.
2. Òå÷åíèå Êóýòòà

(U (z) ; 0; 0) , P = const.

Couette, M. �Etudes sur le frottement des liquides // Ann. Chim. Phys. � 1890.
� T. 21. � P. 433�510.
3. Òå÷åíèå Ýêìàíà

(U (z)− Ωx; (V (z) + Ωy; 0) , P = const.

Ekman, V.W. On the in�uence of the earth's rotation on ocean currents // Ark.
Mat. Astron. Fys. � 1905. � Vol. 2. � P. 1�52.
4. Òå÷åíèå Ïóàç¼éëÿ, Õàãåíà-Ïóàç¼éëÿ

(U (z) ; 0; 0) , P = Ax.

Hagen, G. �Uber die Bewegungdes Wasserin engenzylindrischenRohren // Pogg.
Ann. � 1839. � Vol. 46. � P. 423�442.
Poiseuille, J. Recherches exp�erimenteles sur le mouvement des liquides dans les
tubes de tr�es petits diam�etres / J.Poiseuille // Comptes rendus hebdomadaires
des s�eances de l'Acadmemie des Sciences. � 1840. � Vol. 11. � P. 961�967. �
P. 1041�1048.



Ñäâèãîâûå (îáîáùåííûå ñëîèñòûå) òå÷åíèÿ âÿçêîé íåñæèìàåìîé
æèäêîñòè
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Èçîáàðè÷åñêèå òå÷åíèÿ æèäêîñòè (3) îïèñûâàþòñÿ óðàâíåíèÿìè:
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Óðàâíåíèÿ (4) ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:
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Çäåñü Ωz =
∂Vy
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− ∂Vx

∂y
� âåðòèêàëüíàÿ êîìïîíåíòà çàâèõðåííîñòè;

E =
1

2

(
V 2
x + V 2

y

)
� íîðìèðîâàííàÿ íà ïëîòíîñòü êèíåòè÷åñêàÿ ýíåðãèÿ.

Ñòàöèîíàðíîå íåîäíîðîäíîå òå÷åíèå Êóýòòà

Vx = U (z, t) + u1 (z, t)x+ u2 (z, t) y,

Vy = V (z, t) + v1 (z, t)x+ v2 (z, t) y,

Ïîðîæäàþùåå ðåøåíèå

(U (z) + yu (z) ;V (z) ; 0) , P = const. (5)



Íåèçâåñòíûå ôóíêöèè U, V è u âû÷èñëÿþòñÿ èç ñèñòåìû:

d2u

dz2
= 0,

d2V

dz2
= 0, ν

d2U

dz2
= V u. (6)

Ãðàíè÷íûå óñëîâèÿ ïðè z = 0 : U = V = 0, u = 0.
Íà ãðàíèöå z = h çàäàíû ñêîðîñòè: U = W cosϕ, V = W sinϕ, u = Ω.
Íåèçâåñòíûå ôóíêöèè U, V è u âû÷èñëÿþòñÿ èç ñèñòåìû:

d2u

dz2
= 0,

d2V

dz2
= 0, ν

d2U

dz2
= V u. (7)

Ãðàíè÷íûå óñëîâèÿ ïðè z = 0 :

Vx = 0, Vy = 0 èëè U = V = 0, u = 0.

Íà âåðõíåé ãðàíèöå z = h çàäàíû ñêîðîñòè:

Vx = W cosϕ+ yΩ, Vy = W sinϕ èëè U = W cosϕ, V = W sinϕ, u = Ω.

Ðèñ. 1. Ãðàôèê ñêîðîñòè, çàäàííîé íà âåðõíåé ãðàíèöå z = h



Òî÷íîå ðåøåíèå â áåçðàçìåðíîé ôîðìå èìååò âèä:

VY = Z sinϕ,

VX = Z

[
Taδ2 sinϕ

24

(
Z3 − 1

)
+ cosϕ+

1

2Ro
Y

]
.

Çäåñü Z =
z

h
, Y =

y

l
; Re =

Wl

ν
, Ro =

W

2Ωl
=

Re

Ta
è Ta =

2Ωl2

ν
� ñîîò-

âåòñòâåííî ÷èñëà Ðåéíîëüäñà, Ðîññáè è ìîäèôèöèðîâàííîå ÷èñëî Òåéëîðà
âòîðîãî ðîäà.
Ïîëó÷åííîå òî÷íîå ðåøåíèå ðåäóöèðóåòñÿ ê êëàññè÷åñêîìó òå÷åíèþ Êóýòòà
ïðè Ta = 0 (Ω = 0)

VY = Z sinϕ, VX = Z cosϕ;

ïðè Re = 0 (W = 0) ìîäåëèðóåò òå÷åíèå â ïðÿìîì óãëå:

VX =
1

2Ro
ZY, VY = 0.



Àíàëèç ðåøåíèÿ ïðè ðåãèñòðàöèè ïðîòèâîòå÷åíèé

Ðèñ. 2. Ïðîôèëü ñêîðîñòè U ïðè Taδ2 = 100 (êðèâàÿ 1) è ïðè Taδ2 = 50
(êðèâàÿ 2)



Àíàëèç ðåøåíèÿ ïðè ðåãèñòðàöèè ïðîòèâîòå÷åíèé

à á
Ðèñ. 2. Âååð ãîäîãðàôîâ âåêòîðà ñêîðîñòè (Vx;Vy; 0)

à � ïðè Taδ2 = 50, Ro = 20, Y ∈ [−1; 1] ;
á � ïðè Taδ2 = 50, Ro = 0, 5, Y ∈ [−1; 1]



Ðèñ. 3. Ãðàôèê êèíåòè÷åñêîé ýíåðãèè â ñëîå æèäêîñòè



Òî÷íîå ðåøåíèå (5) ñïðàâåäëèâî äëÿ íåîäíîðîäíîãî òå÷åíèÿ Ïóàç¼éëÿ ïðè
çàäàíèè äàâëåíèÿ ïî çàêîíó

P = S − g (Z − 1) +XP1 + Y P2.

Ðèñ. 4. Ïðîôèëü ñêîðîñòè VX = U ïðè íàëè÷èè äâóõ çàñòîéíûõ òî÷åê



Ïåðåîïðåäåëåííàÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà â ïðèáëèæåíèè
Áóññèíåñêà äëÿ ñëîèñòûõ òå÷åíèé:
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)
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)
,
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∂x
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= 0. (8)

Îáîáùåíèå óñòàíîâèâøèõñÿ òå÷åíèé Îñòðîóìîâà-Áèðèõà

Vx = U (z) , Vy = V (z) ,

P = P0 (z) + xP1 (z) + yP2 (z) , T = T0 (z) + xT1 (z) + yT2 (z) (9)



Ïðè ïîäñòàíîâêå âûðàæåíèé (9) â ñèñòåìó (8) ïîëó÷èì:

d2T1

dz2
= 0,

d2T2

dz2
= 0,

dP1

dz
= gβT1,

dP2

dz
= gβT2,

ν
d2U

dz2
= P1, ν

d2V

dz2
= P2, χ

d2T0

dz2
= UT1 + V T2,

dP0

dz
= gβT0. (10)

Ãðàíè÷íûå óñëîâèÿ íà íèæíåé àáñîëþòíî òâåðäîé ãðàíèöå z = 0 èìåþò
âèä:

U = 0, V = 0, T0 = 0, T1 = 0, T2 = 0; (11)

íà âåðõíåé ãðàíèöå z = h ñïðàâåäëèâû óñëîâèÿ:

P0 = 0, P1 = 0, P2 = 0, T0 = 0, T1 = A, T2 = B,

η
dU

dz
= −σT1, η

dV

dz
= −σT2. (12)

Òî÷íîå ðåøåíèå êðàåâîé çàäà÷è (10), (12):
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z

h
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z

h
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2
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)
,
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24ν

z

h
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h

)3
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( z
h

)
+ 8

)
,

V = −Bσh
η

z

h
+
Bgβh3

24ν

z

h

(( z
h

)3
− 6

( z
h

)
+ 8

)
. (13)



Êðàåâàÿ çàäà÷à (10), (12) ìîæåò áûòü ñâåäåíà ê îäíîìåðíîé ïðåîáðàçîâà-
íèåì ïîâîðîòà:

tgα =
B

A
=
T2

T1
=
P2

P1
=
V

U
.

Ñóùåñòâóåò òàêàÿ òîëùèíà ñëîÿ

h =

√
3σ

gβρ

÷òî êàñàòåëüíûå íàïðÿæåíèÿ τxz = τyz = 0 ïðè z = 0, åñëè σ > 0 (äëÿ
êëàññè÷åñêèõ æèäêîñòåé).

Ðèñ. 5. Ïðîôèëè ñêîðîñòåé U è V ïðè êîíâåêòèâíîì òå÷åíèè Ìàðàíãîíè



Ïðîôèëè äàííûõ ãèäðîäèíàìè÷åñêèõ ïîëåé ïðåäñòàâëåíû íà ðèñ. 6, 7.

Ðèñ. 6. Ïðîôèëè òåìïåðàòóðû
T = T0 (x = y = 0)

Ðèñ. 7. Ïðîôèëè äàâëåíèÿ P = P0

(x = y = 0)



Íåîäíîðîäíîå êîíâåêòèâíîå èå÷åíèå Êóýòòà

Vx (y, z) = U (z) + yu (z) , Vy = V (z) ,

P = P0 (z) + xP1 (z) + yP2 (z) , T = T0 (z) + xT1 (z) + yT2 (z) . (14)

Ãðàíè÷íûå óñëîâèÿ íà íèæíåé ãðàíèöå z = 0 :

U = 0, V = 0, u = 0, T0 = 0, T1 = 0, T2 = 0; (15)

Êðàåâûå óñëîâèÿ íà âåðõíåé ãðàíèöå z = h :

U = W cosϕ, V = W sinϕ, u = Ω,

P0 = 0, P1 = 0, P2 = 0, T0 = 0, T1 = A, T2 = B. (16)

Ó êðàåâîé çàäà÷è (9), (14), (15), (16) íå ìîæåò áûòü ïîíèæåíà ðàçìåðíîñòü
èç-çà âîçíèêàþùåãî âåðòèêàëüíîãî âèõðÿ â æèäêîñòè.



×åòâåðòàÿ ãëàâà

Ðèñ. 8. Êà÷åñòâåííûé âèä âååðà ïðîôèëåé òåìïåðàòóðû T = T0 + T2y ïðè
ñóùåñòâîâàíèè äâóõ òî÷åê ðàññëîåíèÿ



Íåñòàöèîíàðíûå ðåøåíèÿ óðàâíåíèé Íàâüå-Ñòîêñà

(U (z, t) + yu (z, t) ; V (z, t) ; 0) , P = const. (17)

Ïîëå ñêîðîñòåé (17) âû÷èñëÿåòñÿ èç ñèñòåìû óðàâíåíèé, êîòîðàÿ ñëåäóåò
èç óðàâíåíèé Íàâüå-Ñòîêñà:

∂u

∂t
= ν

∂2u

∂2z
,
∂V

∂t
= ν

∂2V

∂2z
,
∂U

∂t
= ν

∂2U

∂2z
− uV. (18)

Íà íèæíåé ãðàíèöå z = 0 èñïîëüçîâàëîñü óñëîâèå Ñòîêñà:

U = 0, V = A sinωt, u = 0; (19)

âåðõíÿÿ ãðàíèöà z = h :

∂U

∂z
= 0,

∂V

∂z
= 0, u = Ω = const. (20)

èëè
∂U

∂z
= 0,

∂V

∂z
= 0,

∂u

∂z
=

Ω

h
.

Äàëåå îãðàíè÷èâàåìñÿ ñòàöèîíàðíûì ðåøåíèåì äëÿ ôóíêöèè

u =
Ωz

h
.



Ñêîðîñòè Vx è Vy â ðåçóëüòàòå ðåøåíèÿ êðàåâîé çàäà÷è ìåòîäîì Ôóðüå:

Vy =
A exp (−kz)

1 + 2 exp (2kh) cos (2kh) + exp (4kh)
×

× [(exp (2hk)− exp (2k (h+ z))) sin (k (2h− z))−

− (exp (4hk)− exp (2kz)) sin (kz)] cos (ωt) +

A exp (−kz)
1 + 2 exp (2kh) cos (2kh) + exp (4kh)

×

× [exp (2hk) (1 + exp (2kz)) cos (k (2h− z)) +

+ (exp (4hk) + exp (2kz)) cos (kz)] sin (ωt) ; (21)

Vx = Ω
z

h
y +

AΩ

4ω
exp (kz) cos (kz + ωt)×

×
[
kh

2
+

1

4kh
+

+
−kz2 (1 + exp (2kh) cos (2kh) + sin (2kh)) + z (1 + exp (2kh) cos (2kh))

h [1 + 2 exp (2kh) cos (2kh) + exp (4kh)]

]
+



AΩ

4ω
exp (kz) sin (kz + ωt)×

×
[
−kh

2
+

1

4kh
+

+
kz2 (1 + exp (2kh) cos (2kh)− sin (2kh)) + z sin (2kh)

h [1 + 2 exp (2kh) cos (2kh) + exp (4kh)]

]
+

AΩ

4ω
exp (−kz) cos (kz − ωt)×

×
[
−kh

2
− 1

4kh
+

+ exp (2kh)
kz2 (exp (2kh) + cos (2kh)− sin (2kh)) + z (exp (2kh) + cos (2kh))

h [1 + 2 exp (2kh) cos (2kh) + exp (4kh)]

]
−

−AΩ

4ω
exp (−kz) sin (kz − ωt)×

×
[
kh

2
− 1

4kh
+

+ exp (2kh)
kz2 (exp (2kh) + cos (2kh) + sin (2kh)) + z sin (2kh)

h [1 + 2 exp (2kh) cos (2kh) + exp (4kh)]

]
. (22)

Çäåñü k2 =
ω

2ν
� äèñïåðñèîííîå ñîîòíîøåíèå.



Ðèñ. 9. Ãðàôèêè îãèáàþùåé F ñêîðîñòè Vy ïðè z = h è îãèáàþùåé G
íèæíåé ãðàíèöå z = 0 ñëîÿ âÿçêîé íåñæèìàåìîé æèäêîñòè



Ðèñ. 10. Ãðàôèê ðåçóëüòèðóþùåé îãèáàþùåé ñêîðîñòè Vx íà ñâîáîäíîé è
íèæíåé ãðàíèöàõ ñëîÿ âÿçêîé íåñæèìàåìîé æèäêîñòè



ÁËÀÃÎÄÀÐÞ ÇÀ ÂÍÈÌÀÍÈÅ!


