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For the first time the exact vortex solution of the Cauchy problem in unbounded space is obtained for the three-dimensional Euler-
Helmholtz (EH) equation in the case of a nonzero-divergence velocity field for an ideal compressible medium.

The solution obtained describes the inertial vortex motion and coincides with the exact solution to the three-dimensional Riemann-Hopf
(RH) equation which simulates turbulence without pressure [S. Chefranov, 1991].

ABSTRACT

A new analytic solution of the Cauchy problem for the three-dimensional Navier-Stokes equation is obtained. This solution coincides with
the above-mentioned smooth solution to the EH and RH equations, which take into account the viscosity effect of a compressible medium
and also the sufficient condition of positive definiteness of the growth rate of the entropy in the form of a linear relation between the
pressure and the divergence of the velocity field. This gives the positive solution to one of the Millennium Prize Problems even for the
solution of the compressible Navier-Stokes equation (www.claymath.org).

A necessary and sufficient condition of the onset of a singularity in the evolution of the enstrophy in finite time for EH equation is
obtained.

A closed description of the evolution of the enstrophy and the all other moments of the velocity and vortex fields is given, i.e., the main
problem of theory of turbulence is solved exactly on the base of analytic solution of EH equation.
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1.1

The Euler equations, which express the impulse and mass conservation laws, for the case of ideal compressible medium are well-known for already
more than 250 years (since 1755) and have the following form:

1.2

1.3
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1.4
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1.5

Euler also noted the complexity of the analysis necessary to obtain the general form of the solution of system (1.1), (1.2) and pointed out the
importance of obtaining at least particular solutions of these equations. Thus, for example, in Euler 1755 considered is the solution corresponding to
an exact hydrostatic equilibrium, when in (1.1) the total force on the RHS of equation (1.1) is equal to zero.

Following this logic of Euler's work, and also under the condition of zero balance of forces on the RHS of the Euler equation (1.1), we can consider
that despite the velocity is constant for each particles, it is not necessarily to be the same for different particles of the medium:
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1.6

After applying the curl operator to the Hopf equation (1.5) the Euler vortex 3D equation (also called the Helmholtz vortex equation) follows from it
and has the form:
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1.7
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1.8
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2.1

2.2

follows the balance equation for density (per unit mass) of entropy s

2.3
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ENERGY AND ENTROPY BALANCE EQUATION

Integral kinetic energy balance equation for the compressible medium

where T is the temperature.
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2.4

2.5

This additional equation is obtained from a sufficient condition for the positive definiteness of the integral entropy (2.4) growth rate, which has the
following form:
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2.6

Equation (2.6) is an additional equation to system (1.1)-(1.3) and makes it closed.

10



ANALYTICAL SOLUTION OF THE NAVIER-STOKES EQUATION

3.1

Let us find the solution of closed system (1.1) - (1.3) and (2.6) on the basis of the exact solution of the Hopf equation (1.5) satisfying the vortex
form of the Euler equation (1.6) obtained in [15] and having the following form (see also [16]):1
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3.2

Thus, we obtain a smooth for any times solution of the Navier-Stokes equation for a viscous compressible medium in the form (3.2).
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For solution (3.1) the vortex field in two-dimensional case exactly satisfies equation (1.6) and has the following form:
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The expression for enstrophy corresponding to exact solution (3.4) has the following form:

3.5

The expressions for any higher moments of the vortex field are obtained similarly. For simplicity’s sake, let us give them only for two-dimensional
case, when they have the following form:
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CONCLUSIONS

We establish the possibility of the existence of a smooth solution on an unlimited interval of time for the analytical approximate (only because of
the use of the model representation for the viscosity forces) solution of the Navier-Stokes equation describing the flow of a compressible medium.
For the pressure field corresponding to this solution, a representation providing a sufficient condition for the positive definiteness of the rate of
change in integral entropy is used, which is, as shown below, more correct than the traditional use of the equation of the medium state. As a
result, it is shown that a positive answer to the generalization of the Clay Millennium Problem is possible exactly for the case of a compressible
medium.

Besides, the expressions for the integral of the square of the vortex field (enstrophy) and for all higher moments of the vortex field are obtained
for the exact solution of the vortex 3D Euler equation (1.6). This corresponds to the establishment of an exact solution of the well-known closure
problem in the theory of turbulence, to the solution of which only approximate approaches have been developed by W. Heisenberg, A.N.
Kolmogorov et al. earlier.
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