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3D Euler’s equations of incompressible
fluid motion
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3D Euler equations 1n vorticity formulation
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u=Vx(-A) w. Vortex stretching term
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W - vorticity
u - velocity of fluid
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Blow up in axisymmetric Euler equation in stream function-vorticity formulation!
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If dropping these —

advection-type terms Blow up

in y?

Another examples of blow up in approximate reductions of Euler equation?-
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3D incompressible Euler equation in vorticity formulation

dw+u-Vw=w-Vu, xeR’ o
W - vorticity

1 : :
u=yV X (_A) w. Vortex stretching term | y - velocity of fluid
10t- 1 —y) X t
= Biot-Savart law alx, ) = _/ (x —y) x w(y,1) dy
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1D analogs: replace u = V x (—A) " 'w by the Hilbert transform!-2
wy = Wiy, w,r €R, - Constantin-Lax-Majda Eq.2
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Generalization of Constantin-Lax-Majda equation to include advection

Focus on generalized Constantin-Lax-Majda Eq.!2, also
related to surface quasi-geostrophic Eq. 3

Wt + AUW, = Wiy

Ux — —HW,

a - advection strength
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Blow up in Constantin-Lax-Majda equation !

Expansion into function analytic in upper and lower complex half-planes:
w:w++w_ — f[w:i(w+—w_)

If no advection a=0 => complete decoupling w;” = —i(w?)?, w; =i(w™)?

wy ()

1+ itwy ()

wo ()
1 —itw, (x)

and w” (x,t) =

= wi(x,t) =

- finite-time singularity (blow up)?
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Assuming wqy(zg) = 0 and expanding near x = x; and
te := 2/sup{Hwo(x)|lwo(x) = 0}
1 4fw(’)($0)[flwg(xo)]2

— - ; +O((te — 1)°)
([Heo(wo))? + 26 Hu (o) )+ 4€2[w(wo)]?

— w(x,t) = .

£ = Y720 self-similar variable
te — 1
In neglecting  O((t, — t)o) —> exact self-similar solution, 1.e.

collapse-type blow up

i (e &
‘“%”“m—t(s—¢+‘s—s_)’
e = [Hwo (20)]?

- 2[Hw) (z0) £ iw) (20)]



If a <1 -still collapse-type blow up !
If a =1 - qualitatively different type of blow up (expanding blow up) 2

New results?: self-similar structure of singularities and blow
up for all a

We into the complex plane of x. Contrary to the free surface dynamics,
w(x) 1s analytic in the strip about the real line with the complex
Singularities appearing in complex conjugated pairs.
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Three main analytical results

1. Leading order singularity is of power law type:

w4 (1) Wy ()
) = e 0F T T O]
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Balance of the most
singular terms




2. New exact collapse solution at a=1/2 with a finite value of kinetic energy:
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Convergence of time-dependent solution to self-similar solution
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Convergence of time-dependent solution to self-similar solution locally for gneric
initial conditions
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t=0.659140
— — — Self-similar solution, scaled
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3. Proof that for a # 0, 1/2 with the solution has a nontrivial Laurent series starting
from the most singular term with ~ —

1—a
2 .
For example for a = 3 withy = 3,

>0
§ : i, (1) ™22 — i, (t))
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Convergence of time-dependent solution to self-similar solution
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3. Self-similar blow up solutions for general a:

w=2f(6), = 2m T=te—t

—> Nonlinear eigenvalue problem for a(a) :

f+atfe=—agfe+ fge, 9=38; Hf

Invariance to the stretching of self-similar coordinate : ¢ — A¢, A = const € R

Nonlinear eigenvalue problem is solved by ensuring the
convergence of the generalized Petviashvili method!
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Dependence (x(a) and the threshold of the collapse from generalized
Petviashvili method and direct time-dependent simulations
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Critical value:  a, = 0.6890665337007457 . ..

a < a.: collapse
a > a.: infinitely fast expanding blow up solution with the finite support



a > a.: infinitely fast expanding blow up solution with the finite support
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Convergence of time-dependent solution to self-similar solution with the finite support
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For a = 1 agrees with the results of Ref. !

1J. Chen, T. Y. Hou, and D. Huang, arXiv:1905.06387 (2019).



Periodic boundary conditions

a < a.: collapse as for the decaying boundary conditions.
a > a.: expanding solution settles for large enough time at boundaries resulting
In periodic solution with the jump in the higher order derivatives at the boundary
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Self-similar solution (“pure” blow up): |, 4y — —f ()
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Because w 1is real-valued, singularities appear in complex conjugated pairs.
Then using the splitting , = (,™ 4 (»~ one can split each of these pairs.
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Short branch cut [
approximation y x =X LK

pp a complex plane
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Third order pole

Yy =3 .
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Short branch cut ) o', £)du’
approximation W (w,t) =

w — w'

a

la —b] < [Im(a)
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Partial differential equation for short branch cut approximation

(w™ ) = 2aiw.w™ — 2aiqq, — iag(w™ ), +i(w™)?,

Gy = W

we(t) = w(wo(t), 1), q.(t) = qlwe(t), 1), wy= (a+0)/2



Conclusion and future directions

- Structure of singularities, self-similar solution and collapse
threshold for the generalized Constantin-Lax-Majda equation.

-Advection prevents collapse above the threshold.
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