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CLASSICAL, QUANTUM AND FREE ASSOCIATIVE MECHANICS

CLASSICAL, QUANTUM MECHANICS

NEWTON’S EQUATION q̈ = F (q)

Classical Mechanics (Newton, Hamilton): A0 = C[p, q]

∂tq = p, ∂tp = F (q), H =
p2

2
+ U(q), F (q) = −U ′(q)

∂tq = {q,H}, ∂tp = {p,H}, {q, p} = 1, ∂ta = {H, a}, a ∈ A0.

Quantum Mechanics (Heisenberg): A~ = C〈p̂, q̂〉�〈p̂q̂ − q̂p̂ + i~〉

∂t q̂ = p̂, ∂t p̂ = F (q̂), H =
p̂2

2
+ U(q̂), F (q̂) = −U ′(q̂)

∂t q̂ =
i
~
[H, q̂], ∂t p̂ =

i
~
[H, p̂], [q̂, p̂] = i~, ∂ta =

i
~
[H, a], a ∈ A~.
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CLASSICAL, QUANTUM AND FREE ASSOCIATIVE MECHANICS

FREE ASSOCIATIVE OR PRE–QUANTUM MECHANICS

Pre-Quantum Mechanics or Free Associative Mechanics:
Free associative algebra A = C〈p, q〉 with a derivation

∂t : A 7→ A, ∂t(a b) = ∂t(a) b + a ∂t(b), ∀ a, b ∈ A.

Nonabelian Newton’s equations:

∂tq = p, ∂tp = F (q) p, q ∈ A.

H0 = [q, p] ∈ A is a constant of motion

∂t([q, p]) = p2 + qF (q)− F (q)q − p2 = 0

of the nonabelian Newton’s equations, but usual expression for the first
integal of energy H = 1

2 p2 + U(q), F (q) = −U ′(q) is not a constant of
motion if F ′′(q) 6= 0 .

4 / 17



QUANTISATION OF DYNAMICAL SYSTEMS ON FREE ALGEBRAS. QUANTISATION IDEALS

CLASSICAL, QUANTUM AND FREE ASSOCIATIVE MECHANICS

FREE ASSOCIATIVE OR PRE–QUANTUM MECHANICS

Example: F (q) = q2, U(q) = − 1
3 q3. Then

I H = 1
2 p2 + U(q) is not a constant of motion

∂t (H) = 1
2 (∂t (p)p + p∂t (p))− 1

3 (∂t (q)q2 + q∂t (q))q + q2∂t (q))

= 1
6 (pq2 − 2qpq + q2p) 6= 0.

I Nonabelian Newton’s equation has higher symmetries. In our case (F = q2) the
next symmetry is:

∂τq = 3p3 − 2pq3 + qpq2 + q2pq − 2q3p

∂τp = 2p2q2 − pqpq − pq2p + 2qp2q − qpqp + 2q2p2 − 2q5

In the commutative case H is a first integral and ∂τ = 6H∂t .
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CLASSICAL, QUANTUM AND FREE ASSOCIATIVE MECHANICS

FREE ASSOCIATIVE OR PRE–QUANTUM MECHANICS

Algebra A, as a C–linear space has an additive basis of monomials

Mon(A) = {pi1 qj1 pi2 qj2 · · · pim qjm | ik , jk ∈ N}, N = Z≥0,

and the number of monomials of a fixed degree n is growing exponentially, as 2n.

In contrast, algebras A0 = A�〈qp − pq〉 and A~ = A�〈pq − qp + i~〉 have additive
bases of standard monomials

Mon(A0) = Mon(A~) = {pi qj | i, j ∈ N}

respectively, and the # of monomials of degree n is growing as n + 1.

Any element of the quotient algebra A0 or A~ can be uniquely represented by a
polynomial with standard monomials.
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CLASSICAL, QUANTUM AND FREE ASSOCIATIVE MECHANICS

PROBLEM OF QUANTISATION, QUANTISATION IDEALS

Fact: Any associative C– algebra can be represented (is isomorphic to) a
quotient of a free algebra A over a two sided ideal J.

On my view the problem of quantisation of a dynamical system ∂t : A 7→ A
can be formulated as following:

Find such ideals J ⊂ A that

Q1. The quotient algebra A�J has an additive basis of standard monomials.
In other words, we know how to change the order of any two variables.

Q2. ∂t(J) ⊆ J ⇔ the evolutionary derivation ∂t induces a derivation of the
quotient algebra A�J.

Ideals J satisfying conditions Q1,Q2 are called quantisation ideals and the
corresponding quotient algebras A�J quantised algebras.
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CLASSICAL, QUANTUM AND FREE ASSOCIATIVE MECHANICS

PROBLEM OF QUANTISATION, QUANTISATION IDEALS

In our example of the Newton equation on A a natural candidate for J which implies Q1
is

J = 〈J := pq − ωqp + αp + βq + γ〉, ω, α, β, γ ∈ C.
Then J = {

∑
ai J bi | ai , bi ∈ A} and Q2 (∂t (J) ⊆ J) implies that

∂t (J) = F (q)q + p2 − ωp2 − ωqF (q) + αF (q) + βp ∈ J⇒ ω = 1, α = β = 0

and therefore J = pq − qp + γ, where γ ∈ C.

If we add the reality arguments in the consideration we would conclude that γ is pure
imaginary, i.e. γ = i~ and the Heisenberg quantisation is a unique possibility for the
free associative mechanics.
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QUANTISATION OF VOLTERRA AND BOGOYAVLENSKY SYSTEMS

VOLTERRA AND BOGOYAVLENSKY SYSTEMS
Let us consider nonabelian integrable systems: the Volterra chain (i) and the
Bogoyavlensky N–chains (ii)

(i) ∂tu = u1u − uu−1, (ii) ∂tu =
N∑

k=1

(uk u − uu−k ). (1)

These are infinite systems of equations.
We use standard notations
u = u0 = u(n, t), uk = uk (n, t) = u(n + k , t), n, k ∈ Z.

In equations (1) functions uk are elements of a free associative algebra
A = C〈. . . u−1, u, u1, . . .〉 with an infinite number of variables uk and a natural
automorphism S : A 7→ A, generated by the shift operator
S(uk ) = uk+1, k ∈ Z, and ∂tS = S∂t .

We begin with consideration of two-sided ideals Jω ⊂ A generated by an
infinite set of polynomials of the form

Jω = 〈{uqup − ωp,qupuq | p, q ∈ Z, p > q, ωp,q ∈ C×}〉

upuq = ωq,puqup, q > p, ωp,q 6= 0.

9 / 17



QUANTISATION OF DYNAMICAL SYSTEMS ON FREE ALGEBRAS. QUANTISATION IDEALS

QUANTISATION OF VOLTERRA AND BOGOYAVLENSKY SYSTEMS

QUANTISATION OF THE VOLTERRA SYSTEMS

PROPOSITION

Volterra system ∂tu = u1u − uu−1 can be restricted to AJω if and only if
ωn+1,n = α, ωn,m = 1, n −m ≥ 2.

unun+1 = αun+1un, unum = umun, |n −m| ≥ 2.

The non-abelian Volterra system has a symmetry

du
dτ

= uu−1u−2 + uu−1u−1 + uuu−1 − u1uu − u1u1u − u2u1u. (2)

PROPOSITION

Equation (2) can be restricted to AJω only in the following cases:

(a) unun+1 = αun+1un, unum = umun,
(b) unun+1 = (−1)nαun+1un, unum = −umun,

n −m ≥ 2
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QUANTISATION OF VOLTERRA AND BOGOYAVLENSKY SYSTEMS

PERIODIC VOLTERRA CHAINS

Periodic closures of the chains uk+M = uk with period M result in nonabelian systems
on AM = C〈u1, . . . , uM〉.
Let M = 3. Then the Volterra system

u1,t = u2u1 − u1u3, u2,t = u3u2 − u2u1, u3,t = u1u3 − u3u2

an obvious constant of motion H = u1 + u2 + u3 and infinitely many commuting
symmetries

u1,τ1 = u2
1u3 + u1u3u2 + u1u2

3 − u2u2
1 − u2

2u1 − u3u2u1,

u1,τ2 = u3
1u3 + u2

1u3u2 + u2
1u2

3 + u1u2u1u3 + u1u3u1u3 + u1u3u2
2

+u1u3u2u3 + u1u2
3u2 + u1u3

3 − u2u3
1 − u2u1u2u1 − u2u1u3u1

−u2
2u2

1 − u3
2u1 − u2u3u2u1 − u3u2u2

1 − u3u2
2u1 − u2

3u2u1
· · · = · · ·
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QUANTISATION OF VOLTERRA AND BOGOYAVLENSKY SYSTEMS

QUANTISATION OF THE PERIODIC VOLTERRA CHAINS

Periodic Volterra systems with period M may admit inhomogeneous
commutation relations:

uqup = ωp,qupuq +
M∑

r=1

σr
p,qur + ηp,q , 1 ≤ q < p ≤ M, ωp,q 6= 0.

PROPOSITION

Nonabelian periodical Volterra chain with period M admits JM–quantisation iff
the following commutation relations

M = 3 : unun+1 = αun+1un + β(u + u1 + u2) + η, n ∈ Z3;
M = 4 : u1u2 = αu2u1 + βu2 + γu1 − βγ,

u1u3 = u3u1 − βu2 + βu4,
u4u1 = αu1u4 + βu4 + γu1 − βγ,
u2u3 = αu3u2 + βu2 + γu3 − βγ,
u2u4 = u4u2 − γu3 + γu1,
u3u4 = αu4u3 + βu4 + γu3 − βγ;

M ≥ 5 : un+1un = αunun+1,
unum = umun, |n −m| > 1, n,m ∈ ZM .

take place. The constants α, β, γ, η ∈ C, α 6= 0 are arbitrary.
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QUANTISATION OF VOLTERRA AND BOGOYAVLENSKY SYSTEMS

QUANTISATION OF THE PERIODIC VOLTERRA CHAINS

In the case M = 3 the ideal of quantisation has three parameters of quantisation

J3 = 〈unun+1 − αun+1un − β(u + u1 + u2)− η | n ∈ Z3, α 6= 0〉.

On AJ3 the quantum Volterra system can be written as

uk,t =
1

1− α
[H, uk ], H = u1 + u2 + u3.

The symmetry ∂τ1 on AJ3 is not independent:

uk,τ1 =
1

1 + α

(
uk,t H + Huk,t +

2(α− 1)β
α+ 1

uk,t

)
.

The system admits a Casimir operator ([C, uk ] = 0, k ∈ Z3):

C = (α2 − 1)u3u2u1 + (αβ + β)(u2u1 + u3u1 + u3u2)
+αβu2

1 + α−1βu2
2 + αβu2

3
+u1(αη + β2 + η) + u2(α

−1η + β2 + η) + u3(αη + β2 + η).
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QUANTISATION OF VOLTERRA AND BOGOYAVLENSKY SYSTEMS

QUANTISATION OF THE BOGOYAVLENSKY SYSTEMS

PROPOSITION
Nonabelian N–chain ∂t u =

∑N
k=1(uk u − uu−k ) admits

Jω = 〈{uqup − ωp,qupuq | p, q ∈ Z, p > q, ωp,q ∈ C×}〉 quantisation only in the case

ωn+k,n = α, where 1 ≤ k ≤ N, α 6= 0, and ωn,m = 1, for n −m > N.

unun+k = αun+k un, 1 ≤ k ≤ N unum = umun, |n −m| > N.

PROPOSITION
There exists a modification

ut = u2u1u2 + u1uu−1u − uu1uu−1 − u2u−1u−2

of the nonabelian N = 2 Bogoyavlensky chain. It admits Jω–quantisation only in the
case

ω3n+1,3m = α, ω3n+2,3m = β, ω3n+3,3m = α−1β−1,

α, β ∈ C×, n ≥ m, n,m ∈ Z.

u3mu3n+1 = αu3n+1u3m, u3mu3n+2 = βu3n+2u3m, u3mu3n+3 = α−1β−1u3n+3u3m, n ≥ m.
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QUANTISATION OF NON-ABELIAN HOMOGENEOUS QUADRATIC SYSTEMS

In algebra A = K〈u, v〉 we consider ideals

J = 〈vu − αuv − δu2 − βu − γv − η〉

and systems of two quadratic homogeneous equations{
ut = α1u2 + α2uv + α3vu + α4v2,

vt = β1v2 + β2vu + β3uv + β4u2 (3)

possesing a hierarchy of symmetries.

Let us first consider equations (3) possesing a cubic symmetry{
uτ = γ1u3 + γ2u2v + γ3uvu + γ4vu2 + γ5uv2 + γ6vuv + γ7v2u + γ8v3,

vτ = δ1u3 + δ2u2v + δ3uvu + δ4vu2 + δ5uv2 + δ6vuv + δ7v2u + δ8v3

(4)
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QUANTISATION OF NON-ABELIAN HOMOGENEOUS QUADRATIC SYSTEMS

QUANTISATION OF QUADRATIC SYSTEMS WITH A CUBIC SYMMETRY

PROPOSITION
Any non-triangular system (3) possessing a non-zero cubic symmetry of the form (4) is
equivalent to one of the following systems which admits a quantisation ideal J
generated by the comutation relation:

A1 :

{
ut = u2 − uv
vt = v2 + vu − uv

uv = vu,

A2 :

{
ut = uv
vt = vu vu = αuv , H = αu − v ,

A3 :

{
ut = u2 − uv
vt = v2 − vu

vu = uv − γu + γv , H = uv − γu

A4 :

{
ut = −uv
vt = v2 + uv − vu vu = uv − γv , H = uv + γu

A5 :

{
ut = uv − vu
vt = u2 + uv − vu vu = uv + δu2 + βu + η, ?

A6 :

{
ut = v2

vt = u2 vu = uv + η, H = v3 − u3,

where α, β, γ, δ, η ∈ K are arbitrary constants and α 6= 0 and H is the Hamiltonian.
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QUANTISATION OF NON-ABELIAN HOMOGENEOUS QUADRATIC SYSTEMS

QUANTISATION OF QUADRATIC SYSTEMS WITH A QUARTIC SYMMETRY

PROPOSITION
Any non-triangular system (3) possessing a symmetry of degree four, but not of a qubic
one admit J quantisation with the following commutation relations:

B1

{
ut = −uv
vt = v2 + vu uv = vu + γv , H = 2uv + u2 + γu

B2

{
ut = −vu
vt = v2 + vu uv = vu + γv , H = 2uv + u2 + γu + 2γv

B3

{
ut = u2 − 2vu
vt = v2 − 2vu

vu = uv + η, H = u2v − uv2,

B4

{
ut = u2 − uv − 2vu
vt = v2 − 2uv − vu

vu = uv , ?

B5

{
ut = u2 − 2uv
vt = v2 + 4vu

vu = uv , ?

where γ, η ∈ K are arbitrary constants.

Heisenberg equations:
κut = [H, u], κvt = [H, v ].

B1 : κ = −2γ, B2 : κ = −2γ, B3 : κ = η.
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