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Shallow water: two shores

ne + ((D(i-‘) + -r;)-u.)I =0, wu+gne +uu, =0
Depth  D(a)=D(b)=0 D'(a) #£0, D'(b) #0
Boundary condition at two variable boundaries x(t): n(x,(t),t) +x,.(t) =0
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Motivation: Seiches — standing waves

A seicheis a standing wave One- and two-nodes seiches

in an enclosed or partially
enclosed body of water.

The Baikal Lake seiches
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aMnNIKTYA ceilw ¢ neproaamu

(278, 151, 84 1 67 muH)

a - Mepwon T=278 MuH

b - Mepuoa T=151MKH

¢ - Mepuop T=84 muH

d - Nepwog T=67 muH

0 PacnpefeneHina ypoBHa BAONb CPEHER NHWA Ana
Nepabix YETbIpeX MO CEMLMA NO pe3yNbTaTam MOAeNMpoBaH
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NCKPETHOETE0 5000 METDOR
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Linearized shallow water: two shores

N + (D(y)U)y =0. U+ N, =0 Depth D(a) = D(b) =0
. / /
No boundary conditions, | D'(a) # 0, D'(b) # 0
Finite energy condition:  £% = [|N[I> + [V D(y) U|* < oc

v
Asymptotics. Phase: S(r,y) = / f;;-y( % a<ax<y<h.
. y
Quantization: Wn = 57, b)( +n)(1+0Mn 1), neN
Na(y.7) = ccos(wpT + 70)Jo(wpS(a, y)) (“q(ﬂ’g”‘))”2 y € |a,b— 6]

Np(y,7) = c(—1)" cos(wn,T + 70)Jo(wnS(y. b))

y=a i y=b

02 -

--N(y,T/3)
i — N(y,0)
. — Dy

3-nodes (n=3) ) 4-nodes (n=4)




L inearized shallow water: shore and vertical wall

N + (D(y)U)y = 0. Ur + Ny =0 Depth D(a) = 0.D'(a) # 0
Boundary condition at U(b ) =0
¥fiflte energy condition: = [IN|?+[V/D(y) U|* <
Yy
Asymptotics. Phase: S(r,y) = / iy( S, @ <o <y<h.
T y

Quantization: Wn = % N Sad) (3 +n) Ji(pn) =0, neN
Nq (U 7) = ccos(wpT + 79)Jo (W 5((:,.;11)) (S(a’y) ) /

VD () "
Ua(y,7) = csin(wnt + 70)J1(wnS(a, y)) ( 5(a,) )1/271 (14 O(w, 3/?))
y=a y=b v y=a y=b

..N(yiT/3)
“ — D(y

3-nodes (n=3) ) 4-nodes (n=4)




The main defect in the linear model:
it does not describe the splash (run up)

— Carrier-Greenspan transform or its asymptotic modification near the beach



Shallow water: slopping bottom, Carrier—Greenspan

e + ((D(w) +n)u) =0, ug+gne +uugy =0  Depth D(x) = v(x — a)

Boundary condition at left variable boundary x(t): n(xa(t),t) + x.(t) =0
Boundary condition at x=b: u-\;z::b =0
Withount loss of generality: g=1, a=0, v=1

L4 ==

Carrier—Greenspan transform.
t=74+U, x=y—N+U?/2, n=N-U?/2, u=U <
T=t—u, y=wx+n—u?/2, N=n+u?/2, U=u.

— 6)(_7‘. y) — _ _. _— . -1 _ i:)(f..z:) — A T NCOTT N TT TTT
J = ()(1‘ ‘L‘) =1+ Ny — Ut — Mgl + Nty J = ()(T y) =1— ;\y -+ LT — ;\ry[/'-r -+ i‘\TLy + U Lry
Theorem (C—G). dv O+ v?/2] oU I ON
_ + . Fa i i
If J>0,J<w ot dx B (T, y) ot dy .
then shallow water on Oy + ) d(t,x) | ON L Oyl
IS equivalent to linearized SW:\ /¢ T Oz ot dy

X,(t) becomes fixed boundary: y,(t)=0. Finite energy condition or smth alike is
Eaeo%“r%%?y condition at x=b becomes nonlin: U(Y(7),7) =0, Y(7)=b+ N(Y(7),7)




Reduced Carrier-Greenspan transformation (simplification):
D(y) = D(z) +n(x,t)p(x), 7 =1, N(y,7) =n(x,t), Uly,7) = u(x,t),

here p(z) is a cut-off function, p = 1 near 2 :  D(z) = 0 and p = 0 outside
of the neighborhood of the point 2.

The main property: the boundary becomes fixed



Shallow water: two shores

ne + ((D(i-‘) + -r;)-u.)I =0, wu+gne +uu, =0
Depth  D(a)=D((b)=0 D'(a)# 0, D'(b) #0
Boundary condition at two variable boundaries x(t): n(x,(t),t) +x,.(t) =0

Reduced Carrier—Greenspan transformwith cutting function p:
D(y) — D(:E) +'77(33;t)/0(39): T =1, N(y:T) — '77(50:75)7 U(ij) — ’U,(ﬂfjt)
The leadina term is defined from linearized shallow water with 2 fixed boundaries:

N: +(DW)U)y, =0, Uz +N, =0, yelabl, E*=|N|*+[V/yU|*<oc

Finally: & =Y — Ny oly) ?7(35 t) — N(y t) u’(xﬁ t) — U(y t)

D'(y)’

04 04 -~

3-nodes

VA = 2\



Carrier-Greenspan transformation for standing waves and
experimental studies

Nonlinear Shallow water equations:

ne+ (D(x) +n)u) =0, w+gne+uu, =0, D=ry(x—2a"), ul—=0.

Carrier-Greenspan transformation:

The linear equation with nonlinear boundary condition

N, +(@yU),=0, U, +N,=0, UY(7),7)=0, Y(r)=b+ N (1),7),
INI*+ vy UlI* < oo

A




Shallow water: slopping bottom, formal asymptotics

Formal series: N(y,7,¢e) = ENEU(E) + 52N2w(8) + ...,
Leading term: N = cos(wor) Jo(2w(e)\/y) Wo = [ /2

U = sin(wor) = J1(2w(e) /)

Corrected frequency 5
to avoid resonances: W (&) = wo + £“wa + ...

Boundary condition: U;(b,7) =0

Us(b.7) = —Usy(b.7)N1 (b, 7) =61 sin(2uwor)

First correction: Ny = ¢y cos(2wr) Jo(4w /G)  c2 = —%Jo(2wo) Ty (2wo) (I (4wp)) ™
Boundary for Us: U3 (b, 7) = & sin(3weT) + &z sin(wet) — 2wa ) (2wg) sin(we)
defines phase shift we = &3/2J% (2wp)

Wo. : £o

Second correction: N3 = ¢3 cos(3woT) Jo(6wo/y) €3 = T (6wo)

Etc...



Shallow water: slopping bottom, the leading term

Formal series: N(y,7,¢e) = ENEU(E) + 52N2w(8) + ...,
The Leadingterm  N"*) = cos(wo7) Jo(2w(e)/Y) Wo = fin /2
for linearized system: in(e) = sin(wo7) % J1(2w(5)\/§)

Reduced C—G transform: substitute 7(t,y,c) =t + O(e) into N(y,1), U(y,T1)

And get the Leading term for shallow water — » 5
parametrically defined via y € [0, 1]. r=y—eNy,t)+ O()

n(x,t) =eN{°(y,t) + 0(52)3 u(x,t) =eU;°(y,t) + 0(52)

D(y)=y — N(y,0)

3-nodes



Experimental setup: parametric resonance

~ Gravity waves on the free surface
| in rectangular vessel
(length = 60sm, width = 14 sm)
with slopping bottom (D:X = 4,5sm : 55sm)

Surface waves are induced

by vertical oscillations of vessel

with parametric resonance
(Oscillations period = waves period/ 2)

Video 30 and 120 frames per sec,
editing in ImageJ




Experiment: comparison
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2ak of nonlinear wave, J=0

Amplitude = 0,46 sm,

— Nonlinear wave, 5-node period =0.63

- Experimental data,

period = 0.638

eps =0,26 < 1,




Cnacunbo 3a BauMmanue!

ByabTe 310poBbI!



