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Abstract:
Îäíèì èç ÷àñòíûõ ñëó÷àåâ ýâîëþöèè ñïåêòðîâ ïîâåðõíîñòíûõ âîëí
íà âîäå ÿâëÿåòñÿ ýâîëþöèÿ èçîòðîïíîãî ñïåêòðà. Òàêàÿ ñèòóàöèÿ
ÿâëÿåòñÿ â îñîíâíîì òåîðåòè÷åñêîé, îäíàêî èìååò âàæíîå çíà÷åíèå
êàê äëÿ ëó÷øåãî ïîíèìàíèÿ îáùåãî (àíèçîòðîïíîãî) ñëó÷àÿ, òàê è
äëÿ êàëèáðîâêè ìîäåëåé.
Ìû ïðåäñòàâëÿåì ìåòîä, ïîçâîëÿþùèé óïðîñòèòü óðàâíåíèÿ
Õàññåëüìàíà â èçîòðîïíîì ñëó÷àå, ñâåäÿ èíòåãðàë âçàèìîäåéñòâèé ñ
òð¼õìåðíîãî äî äâóìåðíîãî. Ó÷èòûâàÿ îáùóþ ñèììåòðèþ ïî óãëó,
ýòî óìåíüøàåò ðàçìåðíîñòü çàäà÷è ñ ïÿòè äî òð¼õ.
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Óðàâíåíèå Õàññåëüìàííà (êèíåòè÷åñêîå
óðàâíåíèå)

∂Nk

∂t
= πg2

∫
k2,k3,k4

T 2 (NN3N4 + N2N3N4 − NN2N3 − NN2N4)×

×δ(ω + ω2 − ω3 − ω4) δ(k+ k2 − k3 − k4) dk2 dk3 dk4
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Êâàäðóïëåòíàÿ ôîðìà êèíåòè÷åñêîãî óðàâíåíèÿ

Óðàâíåíèå Õàññåëüìàííà ìîæåò áûòü ïåðåïèñàíî ÷åðåç
èíòåãðèðîâàíèå ïî êâàäðóïëåòàì âçàèìîäåéñòâóþùèõ âîëí:

∂ε(ω, θ)

∂t
=

π

2g4

∫
T̃ 2
(
S(ω/ω̃1, θ − θ̃1, q) + S(ω/ω̃2, θ − θ̃2, q)−

− S(ω/ω̃3, θ − θ̃3, q)− S(ω/ω̃4, θ − θ̃4, q)
)
dq

S(ωB , θB , q) = ω11
B

(
ε1ε3ε4
ω̃4
1ω̃

4
3ω̃

4
4

+
ε2ε3ε4
ω̃4
2ω̃

3
3ω̃

4
4

− ε1ε2ε3
ω̃4
1ω̃

4
2ω̃

4
3

− ε1ε2ε4
ω̃4
1ω̃

3
2ω̃

4
4

)
Çäåñü dq îçíà÷àåò äèôôåðåíöèàë ïî ïàðàìåòðàì êâàäðóïëåòà.
Ìîæíî, íàïðèìåð, ïîëîæèòü

dq = δ(s − s ′) d k̃1 d k̃3

ãäå s = |k1|+|k2|
|k1+k2| è s ′ = |k3|+|k4|

|k3+k4|
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Ñïåêòðû Êîëìîãîðîâà�Çàõàðîâà

Âàæíûì ïðèìåðîì èçîòðîïíûõ ðåøåíèé êèíåòè÷åñêîãî óðàâíåíèÿ
ÿâëÿþòñÿ ñïåêòðû Êîëìîãîðîâà�Çàõàðîâà:

N
(1)
k = cp

(
P0

g2

)1/3
1

k4
,

N
(2)
k = cq

(
Q0

g3/2

)1/3
1

k23/6
.

Ïåðâûé èç íèõ ïðåäñòàâëÿåò ñîáîé ñòàöèîíàðíîå ðåøåíèå ñ ïîòîêîì
ýíåðãèè â ñòîðîíó âûñîêèõ ÷àñòîò. Ïðàêòè÷åñêè ëþáîé ñïåêòð
âîëíåíèÿ âêëþ÷àåò â ñåáÿ äèàïàçîí ÷àñòîò, â êîòîðîì ðåàëèçóåòñÿ
ýòîò ñïåêòð.
Âòîðîé ñïåêòð îáåñïå÷èâàåò ïåðåäà÷ó ÷èñëà âîëí N ê
íèçêî÷àñòîòíûì ìîäàì, ÷òî òàêæå ÿâëÿåòñÿ âàæíûì ïðîöåññîì ïðè
ðàçâèòèè ñïåêòðà âîëíåíèÿ.
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×åì âàæåí èçîòðîïíûé ñïåêòð?

• Èçîòðîïíûå ñïåêòðû Çàõàðîâà�Êîëìîãîðîâà åñòåñòâåííûì
îáðàçîì âîçíèêàþò â ïðîöåññå ðàçâèòèÿ âîëíåíèÿ
• Â âûñîêèõ ÷àñòîòàõ ñïåêòðû ïðèáëèæàþòñÿ ê èçîòðîïíûì.
Çàìåòèì, ÷òî âûñîêèå ÷àñòîòû òðåáóþò áîëüøå âû÷èñëèòåëüíûõ
ìîùíîñòåé ïðè ðàñ÷¼òàõ.
• Èçîòðîïíûå ñïåêòðû ïðåäñòàâëÿþò âàæíûé òåñòîâûé ñëó÷àé.
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Òð¼õìåðíîñòü âìåñòî ïÿòèìåðíîñòè

Â êèíåòè÷åñêîì óðàâíåíèè èìååòñÿ 2-ìåðíûé ñïåêòð (÷àñòîòà è
óãîë) è 3-ìåðíûé íàáîð êâàäðóïëåòîâ.
Äëÿ èçîòðîïíîãî èçìåðåíèÿ åñòåñòâåííûì îáðàçîì èñ÷åçàåò óãëîâàÿ
çàâèñèìîñòü ñïåêòðà. Íî íàáîð êâàäðóïëåòîâ îñòà¼òñÿ òåì æå.
Ìû ïîêàçûâàåì, ÷òî ìîæíî ñîêðàòèòü ðàçìåðíîñòü ìíîãîîáðàçèÿ
êâàäðóïëåòîâ äî äâóõ, ïðîâåäÿ èíòåãðèðîâàíèå ïî îäíîé èç
ïåðåìåííûõ.
Ðåçóëüòèðóþùèå ôîðìóëû ñëèøêîì ñëîæíû äëÿ àíàëèòè÷åñêèõ
âû÷èñëåíèé. Îäíàêî ÷èñëåííûå ðàñ÷¼òû ïî íèì äåëàþòñÿ ïî òîé æå
ñàìîé ñõåìå, ÷òî è äëÿ îáùåãî ñëó÷àÿ.
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Êâàäðóïëåòû è èçîòðîïèÿ

Êâàäðóïëåòû îáðàçóþò òð¼õìåðíîå ìíîãîîáðàçèå. Íàøà öåëü �
ââåñòè íà ýòîì ìíîãîîáðàçèè òàêèå êîîðäèíàòû, ÷òîáû îäíà èç íèõ
îêàçàëàñü çàâèñÿùåé òîëüêî îò óãëîâ ìåæäó âåêòîðàìè (à íå îò èõ
äëèíí).
Ìû áóäåì èñïîëüçîâàòü ñðåäíþþ ÷àñòîòó ωB äëÿ çàäàíèÿ ìàñøòàáà
êâàäðóïëåòà. Ðåçîíàíñíîå óñëîâèå

ω1 + ω2 = ω3 + ω4 = 2ωB

ïîêàçûâàåò, ÷òî äëèíû íîðìèðîâàííûõ âåêòîðîâ îïðåäåëÿþòñÿ
äâóìÿ êîîðäèíàòàìè. Â êà÷åñòâå ýòèõ êîîðäèíàò ìû âûáåðåì λ1 and
λ3 (0 < λ1, λ3 < 1)

ω̃1 = (1− λ1)s ω̃2 = (1 + λ1)s ω̃3 = (1− λ3)s ω̃4 = (1 + λ3)s

Òðåòüåé êîîðäèíàòîé áóäåò ìîäóëü s =
ω2

B

gkB
.
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Ðèñóíîê èçîáðàæàåò èçîëèíèè λ (ïóíêòèð) è èçîëèíèè s (ñïëîøíûå).

Ëþáûå äâå òî÷êè ñ îäèíàêîâûì s îïðåäåëÿþò ðåçîíàíñíûé êâàäðóïëåò.
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Ìàñøòàáèðîâàíèå
λ1 è λ3 îïðåäåëÿþò ñîîòíîøåíå ìåæäó äëèíàìè âåêòîðîâ
êâàäðóïëåòà. ×òîáû ýòè äëèíû íå çàâèñåëè îò s ìû äîëæíû
ìàñøòàáèðîâàòü êâàäðóïëåò. Ìàñøòàáèðîâàííûé êâàäðóïëåò ñîñòîèò
èç íîðìèðîâàííûõ âåêòîðîâ k1/s, k2/s, k3/s, k4/s. Èõ äëèíû:
(1− λ1)

2, (1 + λ1)
2, (1− λ3)

2, (1 + λ3)
2. Îíè íå çàâèñÿò îò s.

Êèíåòè÷åñêîå óðàâíåíèå ïðèíèìàåò âèä

∂ε(ω)

∂t
= 2π g−4

∫
T̃ 2

s23

(
S(ω/(1−λ1), qs)+S(ω/(1+λ1), qs)−

− S(ω/(1− λ3), qs)− S(ω/(1 + λ3), qs)
)
×

× (1− λ1)
3(1− λ3)

3 ∂θ1
∂s

∂θ3
∂s

ds dλ1 dλ3

S(ω, q) =

= ω11
B

(
ε1ε3ε4

(1− λ1)4(1− λ3)4(1 + λ3)4
+

ε2ε3ε4
(1− λ1)4(1 + λ1)4(1 + λ3)4

−

− ε1ε2ε3
(1− λ1)4(1 + λ1)4(1− λ3)4

− ε1ε2ε4
(1− λ1)4(1 + λ1)4(1 + λ3)4

)
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Òåïåðü ìû ìîæåì âçÿòü èíòåãðàë ïî s è ïîëó÷èòü êîýôôèöèåíò F

F (λ1, λ3) =

∞∫
1/
√
2

T̃ 2

s23
(1− λ1)

3(1− λ3)
3 ∂θ1
∂s

∂θ3
∂s

ds

Òàêèì îáðàçîì, èíòåãðàë â êèíåòè÷åñêîì óðàâíåíèè ñâîäèòñÿ ê
äâóìåðíîìó

∂ε(ω)

∂t
= 2π g−4

1∫
0

1∫
0

F (λ1, λ3) (S(ω/(1− λ1), qs) + S(ω/(1 + λ1), qs)−

− S(ω/(1− λ3), qs)− S(ω/(1 + λ3), qs)) dλ1 dλ3
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×èñëåííîå èíòåãðèðîâàíèå

Ïðîãðàììà, íàïèñàííàÿ àâòîðîì, ìîæåò èñïîëüçîâàòü äëÿ
âû÷èñëåíèé ëþáóþ ñåòêó êâàäðóïëåòîâ. Åñëè âçÿòü ñåòêó,
îñíîâàííóþ íà êîîðäèíàòàõ λ, òî â èçîòðîïíîì ñëó÷àå ïåðåìåííàÿ s
íå âëèÿåò íà âû÷èñëåíèå âçàèìîäåéñòâèÿ.
Òàêèì îáðàçîì, ìîæíî èíèöèàëèçèðîâàòü ñåòêó îáû÷íûì îáðàçîì, à
ïîòîì ïðîñóììèðîâàòü êîýôôèöèåíòû óçëîâ ñ îäèíàêîâûì s.
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Äàëüíåéøåå ðàçâèòèå

Ïðåäïîëàãàåòñÿ èññëåäîâàòü ÿäðî F (λ1, λ3), îïðåäåëèòü åãî
êîíêðåòíûé âèä è íàéòè íàèáîëåå ñóùåñòâåííûå îáëàñòè
âçàèìîäåéñòâèÿ.
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Âûâîäû

• Äëÿ èçîòðîïíûõ ñïåêòðîâ ìîæíî óìåíüøèòü ðàçìåðíîñòü
èíòåãðèðîâàíèÿ ñ 5 äî 3.
• Êâàäðóïëåòíóþ ñåòêó, ïîäãîòîâëåííóþ äëÿ èçîòðîïíîãî ñëó÷àÿ,
ìîæíî èñïîëüçîâàòü è â îáùåì ñëó÷àå.
• Èññëåäîâàíèå èçîòðîïíûõ ñïåêòðîâ ïîçâîëÿåò áûñòðî ïðîèçâîäèòü
âû÷èñëåíèÿ, ïðè ýòîì ñîõðàíÿÿ ìíîãèå ñâîéñòâà ñïåêòðîâ.
• Â èçîòðîïíîì ñëó÷àå óïðîùàåòñÿ âèä 4-âîëíîâûõ âçàèìîäåéñòâèé.


