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Ïðîñòðàíñòâî Λ äâóñòîðîííèõ ïîñëåäîâàòåëüíîñòåé
Ïóñòü u = (. . . , u−n, . . . , u−1, u0, u1, . . . , un, . . .) �
êîìïëåêñíîçíà÷íàÿ äâóñòîðîííÿÿ ïîñëåäîâàòåëüíîñòü, ò.å.
u : Z→ C. È ïóñòü Λ � ïðîñòðàíñòâî âñåõ äâóñòîðîííèõ
êîìïëåêñíîçíà÷íûõ ïîñëåäîâàòåëüíîñòåé.
Åñëè u ∈ Λ è v ∈ Λ, òî ìîæíî îïðåäåëèòü èõ ïðîèçâåäåíèå
u ? v êàê äâóñòîðîííþþ ïîñëåäîâàòåëüíîñòü ñ ÷ëåíàìè:

(u ? v)n =
+∞∑

k=−∞
uk vn−k . (1)

Λ � êîììóòàòèâíàÿ àëãåáðà c åäèíèöåé e = (. . . , 0, 1, 0, . . .):
u ? e = e ? u = u ∀u ∈ Λ . (2)

Ïóñòü ýëåìåíòû àëãåáðû Λ ÿâëÿþòñÿ ôóíêöèÿìè íåïðåðûâíîãî
âðåìåíè t: u(t), v(t), . . . ∈ Λ, òîãäà íà Λ ìîæíî çàäàâàòü
ôàçîâûå ïîòîêè ñ ïîìîùüþ ñ÷¼òíîìåðíûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðàâûå ÷àñòè
êîòîðûõ ñòðîÿòñÿ ñ ïîìîùüþ îïåðàöèé ñëîæåíèÿ è óìíîæåíèÿ
â àëãåáðå Λ.
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Àíàëîã íîðìàëüíîé ôîðìû áèôóðêàöèè
Àíäðîíîâà-Õîïôà

u̇ = µ u − v − u ? (u ? u + v ? v)
v̇ = u + µ v − v ? (u ? u + v ? v)

, µ > 0 . (3)

Ïîêîìïîíåíòíàÿ çàïèñü ñèñòåìû óðàâíåíèé (3) (n ∈ Z):

u̇n = µ un − vn −
+∞∑

l=−∞

+∞∑

k=−∞
(ul uk un−l−k + ul vk vn−l−k) ,

v̇n = un + µ vn −
+∞∑

l=−∞

+∞∑

k=−∞
(vl uk un−l−k + vl vk vn−l−k) .

A(t) =

√
µAin√

A2
in + (µ− A2

in) exp(−2µ t)
, Ain > 0 .

K(κ) =

∫ 1

0

dz√
(1− z2) (1− κ2z2)

, K'(κ) = K(
√

1− κ2) .
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Òî÷íîå ðåøåíèå ñèñòåìû (3)

u 2m+1(t) = u∗−2m−1(t) = A(t) cm cos(ω t)− i sm sin(ω t)
2 ,

v 2m+1(t) = v∗−2m−1(t) = A(t) cm sin(ω t) + i sm cos(ω t)
2 ,

cm =
π

κK(κ)

1
cosh

[
(2m + 1) π

2
K'(κ)
K(κ)

] ,

sm =
π

κK(κ)

1
sinh

[
(2m + 1) π

2
K'(κ)
K(κ)

] , κ ∈ (0, 1) .

u 2m(t) = u−2m(t) = v 2m(t) = v−2m(t) = 0 , m = 0, 1, 2, . . . .
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Ðåøåíèå ñèñòåìû (3) ìåòîäîì ïðîèçâîäÿùèõ ôóíêöèé
Ïðåäïîëîæèì, ÷òî u−n(t) = u∗n(t), v−n(t) = v∗n (t), è
ðàññìîòðèì ñëåäóþùèå ôóíêöèè (c ∈ R):

U(φ, t) =
+∞∑

n=−∞
un(t) exp[−i n (φ− c t)] , (4′)

V (φ, t) =
+∞∑

n=−∞
vn(t) exp[−i n (φ− c t)] . (4′′)

Ôóíêöèè (4') è (4�) óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ, êîòîðàÿ ýêâèâàëåíòíà ñèñòåìå (3):

∂U
∂t + c ∂U

∂φ
= µU − V − U (U2 + V 2) , (5′)

∂V
∂t + c ∂V

∂φ
= U + µV − V (U2 + V 2) . (5′′)
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Ñíàáäèì ñèñòåìó (5) íà÷àëüíûìè óñëîâèÿìè:

U(φ, 0) = Ain cn
[2K(κ) φ

π
, κ

]
, V (φ, 0) = Ain sn

[2K(κ)φ

π
, κ

]
.

Òàêàÿ çàäà÷à Êîøè äëÿ ñèñòåìû (5) èìååò òî÷íîå ðåøåíèå:

U(φ, t) = a(t) cn
[2K(κ) (φ− c t)

π
, κ

]
−b(t) sn

[2K(κ) (φ− c t)
π

, κ

]
,

V (φ, t) = a(t) sn
[2K(κ) (φ− c t)

π
, κ

]
+b(t) cn

[2K(κ) (φ− c t)
π

, κ

]
,

ãäå
a(t) = A(t) cos t , b(t) = A(t) sin t .
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Aíàëîã ñèñòåìû Õåíîíà-Õåéëåñà è ìåòîä ïñåâäîñðåäíèõ

ü + u + 2 u ? v = 0 v̈ + v − v ? v + u ? u = 0 . (6)
Ïîêîìïîíåíòíàÿ çàïèñü ñèñòåìû óðàâíåíèé (6) (n ∈ Z):

ün + un + 2
+∞∑

k=−∞
uk vn−k = 0 ,

v̈n + vn −
+∞∑

k=−∞
vk vn−k +

+∞∑

k=−∞
uk un−k = 0 .

Íàçîâ¼ì ïñåâäîñðåäíèì ýëåìåíòà w ∈ Λ ñëåäóþùóþ âåëè÷èíó:

< w >=
+∞∑

n=−∞
wn .

Ïóñòü x =< u >, y =< v >, òîãäà < u ? v >= x y è.ò.ä.,
çíà÷èò, ñèñòåìà (6) ñâåä¼òñÿ ê ñèñòåìå Õåíîíà-Õåéëåñà:

ẍ + x + 2 x y = 0 , ÿ + y − y2 + x2 = 0 . (7)
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Óñòîé÷èâîñòü âáëèçè ïñåâäîñðåäíèõ

u = x e + ξ , v = y e + η .

u = (. . . , ξ−n, . . . , ξ−1, x + ξ0, ξ1, . . . , ξn, . . .) ,

v = (. . . , η−n, . . . , η−1, y + η0, η1, . . . , ηn, . . .) .

Ñèñòåìà óðàâíåíèé â âàðèàöèÿõ (n ∈ Z):

ξ̈n + [1 + 2 y(t)] ξn + 2 x(t) ηn = 0 , (8′)

η̈n + 2 x(t) ξn + [1− 2 y(t)] ηn = 0 . (8′′)
Ïðè êàæäîì n ∈ Z ñèñòåìà (8) ñîâïàäàåò ñ ñèñòåìîé â
âàðèàöèÿõ äëÿ ñèñòåìû Õåíîíà-Õåéëåñà (7).
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Ýíåðãåòè÷åñêèå ñîîòíîøåíèÿ
Ñèñòåìà (6) èìååò ñ÷¼òíîå ÷èñëî èíòåãðàëîâ äâèæåíèÿ:

h =
u̇ ? u̇ + v̇ ? v̇ + u ? u + v ? v

2 + u ? u ? v − v ? v ? v
3 , h ∈ Λ .

< h > � ýòî ýíåðãèÿ ñèñòåìû Õåíîíà-Õåéëåñà (7).
Ââåä¼ì äëÿ ñèñòåìû (3) ñëåäóþùèå âåëè÷èíû:

E =
u ? u + v ? v

2 , E ∈ Λ ,

òîãäà
Ė = 2µE − 4E ? E

è
d < E >

dt = 2µ < E > −4 < E >2 .
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ÁËÀÃÎÄÀÐÞ ÇÀ ÂÍÈÌÀÍÈÅ!
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