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𝑖𝜓! +
1
2
𝜓"" + │𝜓│#𝜓 = 0

Nonlinear Schrödinger Equation (NLSE) and its exact solutions

The NLSE is integrable using the Inverse 
Scattering Transform (IST). The IST is based on 
the auxiliary Zakharov-Shabat linear system for the 
𝟐×𝟐 matrix wave function 𝚽:

Compatibility condition:

𝚽! −
−𝑖𝜆 𝜓
−𝜓∗ 𝑖𝜆 𝚽 = 𝟎

𝚽# −
−𝑖𝜆$ + 𝑖 𝜓 $/2 𝜆𝜓 + 𝑖𝜓!/2
−𝜆𝜓∗ + 𝑖𝜓!∗/2 𝑖𝜆$ − 𝑖 𝜓 $/2

𝚽 = 𝟎

𝚽!" = 𝚽"!

𝜆 is a complex-valued spectral parameter



'𝑳 = 𝑖 1 0
0 −1

𝜕
𝜕𝑥

− 𝑖 0 𝜓
𝜓∗ 0

'𝑳𝚽 = 𝜆𝚽,

Eigenvalue problem

𝝀

Discrete eigenvalues:
K=Kuznetsov
P=Peregrine
A=Akhmediev
TW=Tajiri-Watanabe

Stable and unstable
continuous spectrum 

𝜁 = 𝜆$ + 1

Branch cut [−𝑖, 𝑖]

K

P

A TW



Two different parametrizations for eigenvalues 

Comparison of 𝜆 and 𝜉 parametrizations of the spectral parameter.
The branch cut and its Joukowsky mapping are drawn by black solid
lines. The pairs of breather eigenvalues (marked by black points) lie
on (a) the parametric curves Eq. (**) (dashed lines) and (b) the rays
Eq. (*) (dashed lines).

𝜆 =
𝑖
2
𝜉 +

1
𝜉
, 𝜉 = 𝑅𝑒%&

Re 𝜆 = ±
sin 𝛼
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Im 𝜆 =
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D𝑀() =
)𝑖(𝒒( I 𝒒)∗

𝑅(𝑒%&! +
𝑒*%&!
𝑅(

− 𝑅)𝑒*%&" −
𝑒%&"
𝑅)

General N-breather solution formula 

𝜓+ = 𝑒%" 1 + 2det

0
𝑞','∗
⋮

𝑞',$ ⋯ 𝑞+,$

D𝑀-

𝑞+,'∗
(det D𝑀)*'

𝑞%$ = 𝑒.# −
𝑒*.#*%&#
𝑅%𝑞%' = 𝑒*.# −

𝑒.#*%&#
𝑅%

𝜙% = 𝜂%(𝑥 − 𝑥/,%) + 𝛾%𝑡 + 𝑖 𝑘%𝑥 + 𝛿%𝑡 −
𝜃%
2

𝜂% = −
1
2 𝑅% −

1
𝑅%

cos 𝛼%

𝑘% = −
1
2
𝑅% +

1
𝑅%

sin 𝛼%

𝛾% = −
1
4 𝑅%$ +

1
𝑅%$

sin 2𝛼%

𝛿% =
1
4 𝑅%$ −

1
𝑅%$

cos 2𝛼%

▲ - Tajiri-Watanabe,
▼ - Akhmediev breather, ● - quasi-Akhmediev breather 
■ - Kuznetsov breather, ◆ - Peregrine breather

𝜉 = 𝑅𝑒%&

One breather has four real-valued parameters:
𝑅%, 𝛼% - breather amplitude and group velocity
𝑥/,%, 𝜃% - position and phase



Fundamental one-breather solutions

(a) Kuznetsov breather (b) Akhmediev breather
(c) Peregrine breather (d) Tajiri-Watanabe breather



General single-breather solution: 𝑹 > 𝟏, 𝜶 > 𝟎

𝑉01 = −sin 𝛼 X𝑅2 + 1 𝑅 𝑅$ − 1

𝑉34 = −
1
2 𝑅$ −

1
𝑅$ cos 2𝛼

𝜓 = 1 + 2 𝑅 + X1 𝑅 cos 𝛼
𝑞'∗𝑞$

𝑞' $ + 𝑞$ $ 𝑒%"𝑒%5$

∆𝜃678)3= 2𝛼



Two-breather solution with  𝑹𝟏 = 𝑹𝟐 = 𝑹; 𝜶𝟏 = 𝜶; 𝜶𝟐 = −𝜶; 𝑹 > 𝟏, 𝜶 > 𝟎.
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Typical two-breather collision and its asymptotic state. (a) shows
spatial-temporal portrait of a typical two-breather solution with
𝑅 = 1.35, 𝛼 = 1.0, 𝜃! = 0, 𝜃! = 0.025. Blue solid lines in (b)
and (c) shows spatial profile of the solution at 𝜉 = 10.



Phase synchronization of two-breather collision 
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Amplitude profiles at t=0 for the basic cases of
two-breather collision: superregular (SR, blue line),
rogue wave (RW, red line) and ghost (GH, black line)
phase synchronizations.
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Experimental observation of SR and GH breather interactions

Water waves

Light waves

[2]

Light waves

[3]



Two-breather solution with  𝑹𝟏 = 𝑹𝟐 = 𝑹; 𝜶𝟏 = 𝜶; 𝜶𝟐 = −𝜶; 𝑹 > 𝟏, 𝜶 > 𝟎.
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Typical two-breather collision and its asympto4c state. (a) shows
spa4al-temporal portrait of a typical two-breather solu4on with
𝑅 = 1.35, 𝛼 = 1.0, 𝜃! = 0, 𝜃! = 0.025. Blue solid lines in (b)
and (c) shows spa4al profile of the solu4on at 𝜉 = 10.



Space-phase shifts formulas [4]

∆𝑥/ =

ln
𝑅 − 1

𝑅
$

sin$ 𝛼 𝑅$ + 1
𝑅$ + 2 cos 2𝛼

𝑅 − 1
𝑅 cos 𝛼

∆𝜃/ = −2arg
2 𝑅9 1 − 𝑅$ tan 𝛼

1 + 𝑅$ $ cos 𝛼 + 𝑖 1 − 𝑅2 $ sin 𝛼
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∆𝜃: = 4 𝛼
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Dependence of space and phase shifts on breather parameters



Positive, zero and negative space shifts acquiring by breathers after collision.



Space-phase shifts formulas in general case [5]

lim
;→/

Δ𝑥/,$' =
1

2 𝐼𝑚[𝜆$]
ln

𝜆' − 𝜆$∗ $

𝜆' − 𝜆$ $

Well-known limit of solitons on zero 
background:

lim
;→/

Δ𝜃/,$' + Δ𝜃:,$' + = −2 Arg
𝜆' − 𝜆$
𝜆'∗ − 𝜆$



Some details of the calculations

𝜓$ = A + 2

det

0 𝑞',$ 𝑞$,$

𝑞','∗ 𝑖 𝒒' $

𝜆' − 𝜆'∗
𝑖 (𝒒$I 𝒒'

∗)
𝜆$ − 𝜆'∗

𝑞',+∗ 𝑖 (𝒒'I 𝒒$
∗)

𝜆' − 𝜆$∗
𝑖 𝒒$ $

𝜆$ − 𝜆$∗

det
𝑖 𝒒' $

𝜆' − 𝜆'∗
𝑖 (𝒒'I 𝒒$

∗)
𝜆' − 𝜆$∗

𝑖 (𝒒$I 𝒒'
∗)

𝜆$ − 𝜆'∗
𝑖 𝒒$ $

𝜆$ − 𝜆$∗

𝜓$ = 𝑒*%5%$ 𝐴 + 2𝑖(𝜆$ + 𝜆$∗ )
e𝑞$,'∗ e𝑞$,$
f𝒒$ $

𝑞(,' = 𝑒*.! −
𝑖𝐴𝑒.!
𝜆( + 𝜁(

, 𝑞(,$ = −
𝑖𝐴𝑒*.!
𝜆( + 𝜁(

+ 𝑒.! ,

𝜙( = −𝑖𝜁(𝑥 − 𝐼𝑚 𝜁( 𝑥/,( − 𝑖𝜆(𝜁(𝑡 − 𝑖𝜃(/2

𝜁( = 𝜆($ + 𝐴$

𝑡 → ∞, x~𝑡 𝑉-./ 𝑒%" → ∞, 𝑒&%"→ 0

!𝒒" 𝑥, 𝑡, 𝑥#,", 𝜃" =
= 𝒒"(𝑥, 𝑡, 𝑥#," + ∆𝑥#,", 𝜃" + ∆𝜃")
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Main idea of synchronization of breather interactions 
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Amplitude profiles of symmetric two-breather
collisions at t = 0. Blue – SR synchronization,
RW – rogue wave synchronization.
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𝜙 = 𝜂(𝑥 − 𝑥/) + 𝛾𝑡 + 𝑖 𝑘𝑥 + 𝛿𝑡 −
𝜃
2

𝑉01 = −
𝛾
𝜂

𝑉34 = −2𝛿

Rogue wave at  𝛿𝑥78(:4 and 𝑡=> = 𝑡/: 

𝜙$?1=> = 𝜂(𝑥 +𝑉01 𝑡/ − 𝛿𝑥78(:4) + 𝛾𝑡 + 𝑖 𝑘𝑥 + 𝛿𝑡 +
𝑉01𝑡/ − 2𝑘𝛿𝑥78(:4 + 𝜃%

2

𝑥/ = −𝑉01𝑡/ + 𝛿𝑥78(:4

𝜃 = −𝑉34𝑡/ + 2𝑘𝛿𝑥78(:4

𝜙'?1=> = 𝜙$?1=> 𝑥/ → 𝑥/ − Δ𝑥/, 𝜃 → 𝜃 − Δ𝜃 = 𝜂(𝑥 +Δ𝑥/ + 𝑉01 𝑡/ − 𝛿𝑥78(:4) + 𝛾𝑡 + 𝑖 𝑘𝑥 + 𝛿𝑡 +
𝑉01𝑡/ + Δ𝜃 − 2𝑘𝛿𝑥78(:4

2

𝜙$?1@= = 𝜂𝑥 + 𝛾𝑡 + 𝑖 𝑘𝑥 + 𝛿𝑡 −
π/2
2
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𝜙'?1@= = 𝜙$?1@= 𝑥/ → 𝑥/ + Δ𝑥/, 𝜃 → 𝜃 + Δ𝜃 = 𝜂(𝑥 − Δ𝑥/) + 𝛾𝑡 + 𝑖 𝑘𝑥 + 𝛿𝑡 −
𝜃A
2

𝜙'?1=> = 𝜙'?1@= Synchronization 
𝛿𝑥78(:4 =

2∆𝑥/ + 2∆𝜃/ + 𝜃% + 𝜃A + 2𝜋𝑛
𝑉01
𝑉34

1 − 2𝑘
𝑉01
𝑉34



x
-30 -20 -10 0 10 20 30

|ψ
|

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5 initial
max

Synchronization: periodic train of SR perturbations 

𝛿𝑥78(:4 =
2∆𝑥/ + 2∆𝜃/ + 𝜃% + 𝜃A + 2𝜋𝑛

𝑉01
𝑉34

1 − 2𝑘
𝑉01
𝑉34

𝑉01 = 𝑉01_$ = sin 𝛼 ⁄(𝑅2 + 1) (𝑅 𝑅$ − 1 )
𝑉34 = 𝑉34_$ = − '

$
𝑅$ − '

=%
cos 2𝛼

𝑘 = − '
$
𝑅 + '

=
sin 𝛼,
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Synchronization IIIb:  recurrence
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