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Formulation of the problem
e+ (V, (D(z) +n)u) =0, w +(u,Vijut+gVn =0, = (r1,12)

n =n(x,t) is the free elevation,

u=u(z,t) = (u(x,t),us(x,t)) is the velocity

g is the free acceleration

the depth D(z) is a smooth function in Q¥ = {z € R* | D(z) > 0},
VD(xz)#0on TV =9Q" = {x € R? | D(x) = 0},

The free boundary condition

(n(mat)+D($))‘F(t) :O:' Qt — {“qj | n(wvt)_‘_D(l‘) > O}



Linearization and nonlinear effects near beach

waves without collapse 1 +— en, u — eu, ¢ is small-

e+ (V,D(x)u) +e(V,nu) =0, w +gVn+e(u, V)u=0,

(en(z,t) + D(x))|re) = 0.



The modified simplified Carrier-Greenspane transformation: the algorithm

1. Construct the solution (N(x,t), U(a,t)) of linearized system in QY
Nt +(V,D(z)U) =0, U; + gVN = 0.

2. Construct the approximate solution (n(x,t),u(x,t)) to the nonlinear
system in the parametric form

o(y)VD(y)
IVD(y)|*"

here o(x) is cut-off function near the coast

Dobrokhotov S. Yu., Minenkov D. S., Nazaikinskii V. E Asymptotic Solutions of the Cauchy
Problem for the Nonlinear Shallow Water Equations in a Basin with a Gently Sloping Beach
// Russ. J. Math. Phys., 2022, 29, pp. 28-36.



The wave equation
O*N
Ot?

the solution in the form

= (V,gD(z)VN), 2¢€Q°

N = Re(e*'y(z)), =
the spectral problem in QV:
LY =My, tne L=—(V,gD)V), I=uw"
g=1 w — w/p<Kl,

Hop = —p? < V, gD(x1, 25) V) >=wp, (z1,12) € Q.



“Billiards with semirigid walls”
A — Lagrangian manifold ("generalized Liouville torus")

A={H =uw*F=:¢c"}
H = D(x)(pi +p3), {H,F}=0
The solution in the form the modified Maslov canonical operator+ simplification

Y(x) = KplA](x), A — koHcraHTa,

| Anuxun A.O., /lobpoxomos C.10., Hasatikunckui B.E., [[éemxosa A.B. Hecranpaprabie
..'lH}f'BH.IJ.IlEBbl ’l‘GI']bl il KEl}'fl’l'HKH B aCHMIITOTHKAX B BHJE d]}'HKLLMH 91":1}'}}1 H BEECEJIH ALITE
JBYMEPHBIX CTOAYNX Oeperopbix o, Anredpa n anamns. 2021, T. 33, Brim. 2. C. 5-—34.



Example: the basin with a parabolic bottom

D(z1,22) = D(p) = Q(RQ — 102):

a, R are parameters

The quantized frequencies w = py/a(1 + 2n)(1 + 2n + 2m),

m,nmi>> 1.

the nonstandard caustic—=

\ . the coast
the standard caustic
| T
\ e




Near the coast

I O 2 Ve 100 K 4. 10
Y(x) ~ (4Q(Rg_pz)(p2(a,@2+w2)—ac‘zﬁ’?))lMJD( z ) l;:_‘;%); a

here

1 2 2R2_2_22
@(p)z\/a( acgarccos< ia priQ) pw)+

—2ac2(R? — p?) — R%w? + 2p2w2) 2)
—mVvacs |, p

+vac + w? arccos
R2,,2



Near the standard caustic: 0 < p < R —49, 0 > 0 is small,

e A2 /m |B(p)| Ai (—q)(p))
(4a(R2 — p?)(p2(ac? + w?) — actR2))"/* 23

b(z) ~

p = p(x),
¢ = ¢()
here
(3 (2 NG (ﬂ'\/ ac? + w? ac? arccos (QG'CQ(Rj);Sz)_png) —
2/3
—+v/ac? + w? arccos (_QG'CE(RL@;:‘?%%%%Q) ))) P2 P
®(p) =

; 2 2 2 Rz 2 R2+ ol qug
(% (ﬁ (\/@arctanh ( Wil sz(ﬁ))gaa () zwf) & ) ~+

(ar2+w2 RQ {](12. R2_|_ 2 < 2&)‘2
vac? + w? arctanh ( v ng()i’;%p ))(RQLQHPQZE) P )))

U = pr .
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2, 2
D(.I?ljilig): 2 fl"‘ﬂf? ' '
f(In(v/z1 +23)) + g(arg(z1 + iz2))
0 €5l flt) = u(ql(f?u), q(u) > 0, —2 D(x) defines the basin

with the island 2% + 22 = 1 and the coast 2% + x5 = e.

Then
ry =e“cosv  p; =e “(cosvp, — sinvp,)
Tro = €e'sinv  py = e “(sinvp, + cosvp,),
and AR, 2 2
g _PutD 9Py — flwpy

 fu) + a(v)’ flu) + alv)

Matsees B. C., Acumnmomuueckue cobcmeennvie gynxuuu onepamopa VD (x,y)V, om-
GEHYANWUE AUYBUAAEBDLM METIPUKAM, U 60AHBL HA em?e,, 3aT6a4eHHbBLE JOHHBIMU HEeoOo-
nopodrnocmamu, Mar. 3amerku 64 (1998), Ne3, 414-422.

Taiimaros 1. A., O nepevx unmezpasar 2e00e3useckus nomoxkos Ha 06YMeEPHOM TOPE,

Tp. Mar. ma-ta PAH 295 (2016). 241-260.



We take

sin’v + 2.
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Cnacub6o 3a sBaumanue!

bynapTe 310pOBHI!
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