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Óñòàíîâèâøååñÿ òå÷åíèå
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Ïîñòàíîâêà òî÷íîé çàäà÷è

ρ = ρ(x, y, t); u = u(x, y, t); v = v(x, y, t)

p = p(ρ)

ρ
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u
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v

]
= −dp(ρ)
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∂ρ

∂t
+ (ρu)x + (ρv)y = 0

v(x, y, t)|y=0= 0; v(x, y, t)|y=H= 0
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Çàêîíû ñîõðàíåíèÿ

Èíòåãðàë ïîëíîé ýíåðãèè

E =
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dη

 dy dx ≡ const
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Çàêîíû ñîõðàíåíèÿ

Óðàâíåíèå äëÿ îòíîøåíèÿ çàâèõðåííîñòè ê ïëîòíîñòè

ω = vx − uy

d

dt
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Èíòåãðàë äâèæåíèÿ

C =

+∞∫
−∞

H∫
0

ρΦ

(
ω

ρ

)
dy dx ≡ const
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Ñòàöèîíàðíûå ðåøåíèÿ

u = U(y), v = 0, ρ = ρ0 ≡ const
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Ôîðìóëèðîâêà ëèíåàðèçîâàííîé çàäà÷è

u(x, y, t) = U(y) + u′(x, y, t); v(x, y, t) = v′(x, y, t)

ρ(x, y, t) = ρ0 + ρ′(x, y, t)

ρ0

(
u′t + Uu′x + v′

dU

dy

)
= −dp

dρ
(ρ0)ρ

′
x

ρ0
(
v′t + Uv′x

)
= −dp

dρ
(ρ0)ρ

′
y

ρ′t + ρ′xU + ρ0
(
u′x + v′y

)
= 0

v′|y=0= 0, v′|y=H= 0
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Óðàâíåíèå äëÿ ìàëûõ âîçìóùåíèé çàâèõðåííîñòè,

ïëîòíîñòè è ïîïåðå÷íîé ñîñòàâëÿþùåé ñêîðîñòè

ω(x, y, t) = ω0(y) + ω′(x, y, t); ω0 = −dU

dy
, ω′ = v′x − u′y

(
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t −

1

ρ0
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′
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ω0 ρ

′
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= 0
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Ñîõðàíÿþùèéñÿ ôóíêöèîíàë

J = E + C

Ïåðâàÿ âàðèàöèÿ

δJ = δE + δC

+∞∫
−∞

H∫
0

p(ρ∗)

ρ∗
dy dx = 0 ⇒ ρ∗ = 0
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Ïåðâàÿ âàðèàöèÿ

Ïåðâàÿ âàðèàöèÿ

δJ =

+∞∫
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0

U2

2
+

ρ0∫
0

dp(η)

dη
η−2 dη +Φ
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)
− Φ̇
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+
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[
ρ0U + Φ̈
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)
d
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)]
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Óñëîâèå çàíóëåíèÿ ïåðâîé âàðèàöèè
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Âòîðàÿ âàðèàöèÿ

δ2J =
1
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ṗ(ρ0)− U2

ρ20
(δρ)2

]
dy dx
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Ëèíåéíûé àíàëîã ôóíêöèîíàëà ïîëíîé ýíåðãèè

I =
1

2

+∞∫
−∞

H∫
0

ρ0

[(
U

ρ0
ρ′ + u′

)2

+ v′
2
+
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ρ20
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2

]
dy dx

+
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+∞∫
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(
ρ0ω

′ + U̇ρ′
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dy dx ≡ const

Óñëîâèÿ íåîòðèöàòåëüíîñòè ôóíêöèîíàëà I

U

Ü
≥ 0, ṗ(ρ0)− U2 ≥ 0
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Ïîëå ëàãðàíæåâûõ ñìåùåíèé

ξ1 = ξ1(x, y, t), ξ2 = ξ2(x, y, t)

u′ = ξ1t + Uξ1x − ξ2
dU

dy

v′ = ξ2t + Uξ2x
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Ïðåîáðàçîâàííàÿ ëèíåàðèçîâàííàÿ çàäà÷à

ρ0
(
ξ1tt + 2Uξ1tx + U2ξ1xx

)
= −dp

dρ
(ρ0)ρ

′
x

ρ0
(
ξ2tt + 2Uξ2tx + U2ξ2xx

)
= −dp

dρ
(ρ0)ρ

′
y

ρ′ = −ρ0
(
ξ1x + ξ2y

)
ξ2|y=0= 0, ξ2|y=H= 0

Âûðàæåíèå äëÿ ìàëûõ âîçìóùåíèé çàâèõðåííîñòè

ω′ = −ω0ξ1x − (ω0ξ2)y
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Ïðåîáðàçîâàííûé ëèíåéíûé àíàëîã ôóíêöèîíàëà ïîëíîé

ýíåðãèè

I =
1

2
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2
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)2
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)
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 dy dx ≡ const
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Ôóíêöèîíàë Ëÿïóíîâà

M ≡
+∞∫

−∞

H∫
0

ρ0
(
ξ21 + ξ22

)
dy dx ≥ 0

dM
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= 2

+∞∫
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d2M
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= 2
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Íåðàâåíñòâî íà ôóíêöèîíàë M

1

2

d2M

dt2
− λ

dM

dt
+ λ2M + 2Π ≥ 0

Π ≡ 1

2

+∞∫
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ρ0 ṗ(ρ0)

(
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)2]
dy dx

Ì. À. Áàáåíêî (ÍÃÓ) Íåóñòîé÷èâîñòü æèäêîñòè 19 äåêàáðÿ 2022 ã. 17 / 24



Îöåíêà èíòåãðàëà Π

ξ1 = h(t)g1(x, y)

ξ2 = h(t)g2(x, y)

Π =
1

2
ρ0 ṗ(ρ0)h

2(t)

+∞∫
−∞

H∫
0

(
g1x + g2y

)2
dy dx

M = ρ0 h
2(t)

+∞∫
−∞

H∫
0

(
g21 + g22

)
dy dx

Îöåíêà Π ÷åðåç M

κM ≥ 2Π
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Îñíîâíîå äèôôåðåíöèàëüíîå íåðàâåíñòâî

d2M

dt2
− 2λ

dM

dt
+ 2

(
λ2 + κ

)
M ≥ 0

λ > 0
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Ñ÷åòíûé íàáîð äîïîëíèòåëüíûõ óñëîâèé

M

(
πn

2
√
λ2 + 2κ

)
> 0; n = 0, 1, 2, ...

dM

dt

(
πn

2
√
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)
≥ 2

(
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κ

λ

)
M

(
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2
√
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)
M

(
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2
√
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= M(0) exp

(
λπn
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√
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)
dM
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(
πn

2
√
λ2 + 2κ

)
=

dM

dt
(0) exp

(
λπn

2
√
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)
M(0) > 0,

dM
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(0) ≥ 2

(
λ+

κ

λ

)
M(0)
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Àïðèîðíàÿ ýêñïîíåíöèàëüíàÿ îöåíêà ñíèçó

M(t) ≥ A1 exp(λt), A1 > 0
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Ïðåîáðàçîâàííûé ëèíåéíûé àíàëîã ôóíêöèîíàëà ïîëíîé

ýíåðãèè

I =
1

2

+∞∫
−∞

H∫
0
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
(ξ1t + Uξ1x)
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2

+ṗ(ρ0)
(
ξ1x + ξ2y

)2
−2U

(
ξ1x + ξ2y

)
(ξ1t + Uξ1x)

−2U̇ ξ1t ξ2

 dy dx ≡ const
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Óñëîâèÿ ëèíåéíîé ïðàêòè÷åñêîé íåóñòîé÷èâîñòè

M

(
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2
√
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)
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(
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2
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Ñïàñèáî çà âíèìàíèå!
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