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Summary. Consider 1D NLSE for the field g(x, t):

1
ig+ 500+ ql’g =0

with periodic boundary condition in space. For Fourier harmonics:

.. 1 "
1qn — Ekr%qn + Z 9n, An> qn36n+n1,nz+n3 =0.
n,n2,ns
. 1 rt . 2
q(x,t) = zﬂ: gn(t)e™t,  qu(t) = Z/o q(x, t)e *tdt, here k, = %"
In search of some canonical transformation
qn — by
Linear Schrodinger Equation New Hamiltonian
by — Sk2by + Anby = 0 H= 1 > k2|baf? - ! > " Doy | ba]?| by |?
2 n 2 - n 2 - 1 1
s

A, does depend on n and initial conditions  and does not depend on t
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Auxiliary Hamiltonian

For Hamiltonian system with variable b,(t) the transformation
bn(0) — bn(t)

is canonical. We will construct this transformation using an auxiliary
Hamiltonian H(similar to Zakharov, Lvov and Falkovich, 1992)
~ i
H= 2 Z Bg:ﬁ3b:b:1 by by Oty a5+
n,ny,nz,n3

;
nny n; Xk ok *
+§ E : Cn;r:u?s bnbn1 bnz bns bn4bn55n+n1+nz,n3+n4+n5 +...

n,ny,n2,n3,na,ns

Coefficients in the Hamiltonian have the following properties:
© Permutations of upper and lower indexes do not change their values

o

nny __ _ QnN2ns nninz __ _ (~N3NaNs
Bn2n3 - Bnn1 Cn3n4n5 - Cnn1n2

o
B — Chmnz _

nny nnynz

A.l. Dyachenk H i y LLipeamnHrepa n kaHoHnuyeckoe npeobpas




Canonical Transformation

This Hamiltonian helps to calculate coefficients of the series of canonical
transformation. One can express old variables g, in terms of b,(0):

. £2 .. , SH . .0 0H
bn(t) = b,,(0)+tb,,(0)+5b,7(0)+... bn(0) = _'5b: ba(0) = _’Eabz

gn(0) = by(0) t=1
The general form of the canonical transformation in term of power series:

an = bn + Z Bg:ﬁ3b;1 bnz bn35n+n17n2+n3+

Ny,n2,n3

1 nnyn.
2 1172 B
+ E Z B"s Nans bn1 bnz b”3 b”A bns 6n+n1+n2,n3+n4+n5 +

n,ny,N2,n3,N4,ns

§ nnins px gk

+ Cn3n4n5 bn1 bnz b"3 bﬂ4b”56"+ﬂ1+ﬂ27"3+n4+"5 + .
n,N1,N2,N3,N4,Ns

We seek for the best choice for B": = CnMMmnz = etc,

nans’ “nzngngs’
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Resonant Manifolds

The Hamiltonian takes (after symmetrization) the following form:

1 1 .
H = 5 Z k3|b"|2 - 5 Z T:znr:;; bnbn1 bnz bn35"+n1,"2+"3_
n n,ny,nz2,n3
1 * * *
- 6 Z T:;,n;‘;nl?; bn bn1 bnz bns bna bn56"+n1+"2~,ﬂ3+”4+"5 + ..

n,ny,N2,n3,Na,ns

Here

na2nsz

nny 1 2 2 2 2 nny
T = 1- E(kn + kn1 - knz - kn;)Bn2n3

Tpmne — Rimiz (k24 k2 + k2, — k3, — k3, — k2)Comrz

N3 nans n3nans

Ry < k3+k§1—kn22—k§3:0
n+n —n—n3 =0.

k2 + k2 + k2 — k2 — k2 — k2 =0
R6<: 1 2 3 4 5
n+ny+ny—n3—ng—ns =0.
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Tim =1 —5(k2+ k2 — k2, — k2.) B

npn3 non3

nny ok gk _ nny ok gk nny ok gk
E Tn2n3bnbn1bn2bn3 - E : Tn2n3bnbn1bn2bn3+ E 7_nzn b ny “n2%ns
n,ni,nz,ns n€ER4 n;

The best choice for B |s:

nans
2-1

o if nj ¢ R*
na2ns kg + k,%l _ kgz _ kﬁB 1 ¢ bl

. 4

B =0 if n; € R

R* has only trivial solutions:
n = ny, n = n3 n=n3, ny = np
—_— D )2 ifn#n <0,
mng 7 Dem = 1 ifn=ny.

Note: By satisfies symmetry conditions and has no singularities.
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I = R, — (G416 + 1, — I, — I — K2 )Cn

N3 N4 Ny N3 N4 N5 N3 N4 N5

nnina o |k * _ nnyna * Lk *
E Tn3n4n5bnbn1 bnzbﬂsbnabns - E Tn3n4n5bnbn1bnzbf73bf74bn.r.+
n; ni€ER®
§ : NN gk gk gk
+ Tn3n4n5b b > “N3~Na ~ng
The best choice for C;772 is:
Rnnanz
Chmnz _ n3ngng if n: ¢ R6
n3nang 2 2 2 2 2 2 ! ?
kn + kn1 + knz - kn3 - kn4 - kn5
Chisrz =0 if nj € R°

n3nangs
RS has nontrivial solutions.

Romra if n; € RS,

nnyna _ n3nans

R ) if nj ¢ RO.

Note: C/™m2 satisfies symmetry conditions and has no singularities.
3/41ls
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New Hamiltonian

Six waves interactions

RNz = if nj € R®

N3 nans

1 2 2 1 2 2 1 nnin * Pk pox
H= EEkn‘le _E;Dnm“’nl |bn1| _6 Z Rnsﬁufsb b fiz °N3“Na "5+"

and the equation for b:

by — %kﬁbn + | D Do b | by = 0

Here Z Dnn1|bn1|2 =\,

does not depend on t and is defined by initial conditions only.
The solution of this equation is simple (action-angle):

ba(t) = by(0)e’ =3kt
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Weakly Nonlinear Case 2—2 <<1

o1
ig+ 500 + g =0
For Fourier harmonics:

o1
1qn — Ek:?qn + Z Gy Gn2 GnsOntny na+ny = 0

ny,n2,n3
Canonical Transformation
b b, by b2
an = bn + Z (kn1 — knz)(knl — k"3)5n+n1,n2+n3 ﬁ <<1

I+, 21, 2,

1 1
H = Ezkﬂble - EZDnnl‘bn|2|bn1|2

n,ny

. 1 . 1,2
iby — 5kﬁbn + Anbp, =0 bn(t) = bp(0)e’Pn—zka)t

An = [an D,,,,1|b,,l|2w = constant - is almost Number of Waves
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Numerics (forward) Ly/L, = 0.05
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Figure: (a) — Re and Im of the signal, (b) — |q|
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Numerics (backward)

1.4 == Relq(t, 1.4 === Re[q(t, x=0)]
—
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Figure: (a) — Re and Im of the signal, (b) — |q|
1.4 =—Relqt, x=0)] 121 e [qt, x=0)]
*  Re[Guansrt, x=0)] *  |quansdt, x=0)|
12 == Imiq(t, x=0)] 10
% IM[Geransrlt, x=0)1 3
X10 X oe
Eos H
Tos
Zo4
g
02
0. - 0.
-3 -2 -1 1 2 3

(a)

y LLIpeanHrepa n kaHoHu4eckoe npeobpas.



0.8

0.71
0.61
0.51

S04

~<
0.3
0.2

0.1

0.0

A(n)

-15 ~10

5 0 5 10 15
n
(b)
Figure: A\,
A.l. Dyachenk H 0]

y LLIpeanHrepa n kaHoHu4eckoe npeobpas.



