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Spectra of inverse cascade in the presence of condensate.

Zakharov-Kolmogorov solutions
(3D fluid, 2D surface, gravity waves, deep water)

Direct cascade of energy from large scale to small scales (Zakharov and
Filonenko, 1967)

nD = G PRKF = ¢ PRk, (1)

(Proven in previous works).
Inverse cascade of wave action or number of waves (Zakharov and

Zaslavsky, 1988)

n&z) _ C2Ql/3k_2ﬁ3—a—d _ C2Q1/3k—23/6 ~ const k=383 (2)
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Spectra of inverse cascade in the presence of condensate. Numerical simulation

Numerical scheme parameters

Let us add damping and pumping in dynamical equations

n =

fi =
D~ —

ko — (V(vy)) — klnkyl+
+k(nkInky]) + 5 An*ke] + Sk Av] = F~ [y,
e~ 5 [(Vu)? — (ko] -
—[ky1k[nky] — kvl A — F~ ] + F~2[fielRe®)],
4,:0 (k_kpl)(kp2_k).

(kp2—kp1)?
MWW k= 0(k — ka)?, k > k.

Here R;(t) — uniformly distributed random number in interval (0, 27].
Simulation region L, = L, = 2m with double periodic boundary conditions.
Grid resolution Ny = N, = 512. Pumping parameters:

Fo =5 x 107%(x2, x4, x8), kp1 = 60, kpo = 64. Damping starts at

kg = 128.
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Spectra. Angle averaged. t ~ 10°T,,.
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Spectra of inverse cascade in the presence of condensate. Numerical simulation

Least squares fit: slopes for angle averaged spectra.

I k € Average slope Slope error
0.054 | [17;55] 312 10.04
0.067 | [16;55] —3.14 +0.05
0.093 | [12;56] —3.01 +0.05
0.135 | [11;56] —311 +0.04

All | 170 points —3.07 +0.02

Table: Least squares fits for different simulation spectra. The second column
shows the range of k between the condensate and pumping influence regions; the
third column gives average slope a for (|ax|?) ~ k<; the last column give an
estimated error of the fit.
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Spectra of inverse cascade in the presence of condensate. Numerical simulation

Spectra. Angle averaged and normed. t ~ 10°T,.
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How condensate looks like: random, not coherent.

20
15
10

20
-5

-10
-15
-20

20
15
10

0
-10

-15
-20

p=0.054

1=0.067

=t

.093

p=0.135

-20
-15
-10

0
5

k,

X

10
15
20

-20
-15
-10
-5
0

o~

10
15
20

2.5
2.0
1.5
1.0
0.5
0.0

6.0
5.0
4.0
3.0
2.0
1.0
0.0

Nonlinear Dynamics — 2022

7/17



Kinetic equation with condensate.

Looking for constant flux solution for wave action Ny.
2 1 1 1 1
NI?NIGNEQNI;% —_—t— = — - — | X

N [,
ot / ‘ K k1,k2,ks NE NE N-

- o - - e
Xé(k + ki — ko — k3)5(wk + Wiy — Wk, — wk3)dk1dk2dk3.

Because condensate is bigger than anything, two waves ki and ks are in
condensate:
k+ ki = ko + k3, wi+wr, = Wk, + Wis-
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Vectors. Schematics.

Everything is isotropic wrt polar angles:

AE: El —E3, Ez = E—FAE, Wk + Wiy = Wiy + Wis-
Let us consider k > ko, so ko/k is a small parameter.
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Ng» Ny = Ny N age

6N~
‘ KKy, K+OK ks

xé(wk + Wiy — Wk, — wk3)dk1dk3 =

2
= [ [Teizaia| Mo

1 1

ks \ N- N- -
N Neiar

N N Nz arVe

roak — Np)x

xé(wk + Wy, — W, — wk3)dE1dE3.

Using small parameter ky/k and choosing ¢ in the right way:

5(Wk T Why — Wk — Wk3) ~ 5(Wk1 _Wk3)~
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Nernai — Ni ~ Ak Vkav

Exchange dummy variables k; and ks (requires Ak — —Ak):

8N~
/‘ kkl,k+Ak ks

/‘ N NEINI%(—Ak)-VENE(wkl — wy, )dkidks.

Let us introduce function:

- =

NE1 NE3Ak . VENE5(Wk1 — wk3)dE1dE3+

N 2
G(K, Ky, 3):(
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Using symmetry Tz & 2 = Tp & 2k

—

8N-' 1 - = = — - — — -
9N L / Ne N (G(K, ke, Ks) — G(K — AR, Ky, K))3(won, — iy )dkud s ~

t
1 . L
~ §/N~ N, (DK -9 ) G (K, K, Ks)o(wey — kg )dRedRs =

- 1 - Ak -k
=Vi3 / Ni, Ne, Bk ((Tﬁ,a,m

K Nk) 5(wk1 — wk3)dk1dk3

This is continuity equation for wave action:

—

ON- -
k __
=V Q.

ot

If everything is isotropic:

- -~k 2mkN 927k - Q
N:/n,;dk:/nk%rkdk, Q= 1 Q. Q2mkNy 02k - Qg

ot Ok
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Q — 27-(-[( . @k = 7Tf NE1NE35(wk1 —OJk3) <‘T** E7_‘3

Thus, we have diffusion equation with inhomogeneous diffusion coefficient
Dk:

N
onk e _ 9 p Nk

ot Ok “ ok’
2w 27
» K 2 2
Dy = 7k NaTao, ‘TEE if| (cosB—cosa)*dadf| dki.
1
ki <k Ok1 0 0
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1 -~ ~
=(T123a + T2134),
B 1 1
167T2 (k1k2k3k4)1/4
X {—12/(1/(2/(3/(4 — 2(0.}1 + WQ)2[OJ3OJ4((E1 . Ez) — k1k2)

T1234 =

N

T1234 =

Lo 1
+ W1WQ((/(3 . k4) — k3k4)]?

- - 1
— 2((.01 — W3)2[WQW4((k1 - k3) + k1k3) + W1W3((k2 . k4) + k2k4)]?

—

i, I 1
— 2wy — wa)?[wows((K1 - ka) + kika) + wiws((ka - k3) + k2k3)]?

+ [(El . E2) + kle][(E:; . E4) —+ k3k4]
+ [—(El . E3) —+ k1k3][—(E2 . E4) —+ k2k4]
+ [~ (k1 - ka) + kika][— (ko - k3) + koks]+
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(ky - ko) — kyko][—(Ks - ka) — kaka]
w142 — (w1 + w2)?
(ky - k3) + kyks][(k2 - ka) + koka]
W1-3 — (Wl - W3)2
S [(ki - ka) + kika][(K2 - k3) + koks]
w1-4 — (w1 — wa)? '

+ 4wy + wy)? [

+ 4(w1 — w3)? [

—1—4(0.)1 — LU4)

(Reproduced from Pushkarev, Resio, Zakharov (2003)). Expression IS NOT
symmetrized with respect to exchange of ki, ko <+ k3, k4! So symmetric
matrix element is:

1
T35 = 5(7_1234 + T3a12).
The first term in small parameter ky/k:

sym o T(Ea kOvawB) + T(E) kO)ﬂ)a) _ _(kk0)3/2

kik,ksk 2 1672
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(cos a — cos B).



21 21
25(kki )3
2 _
//‘ RRRs cosﬁ—cosa) dadﬁ—25677T2
Let us recall: on, 5 N
omk—k = — p =k
ot ok ok
. 9/2 25(/(/(1)
Dk = 7wk / Nk1 del
ki<<k

As a result Dy ~ k*, so if we look for constant flux solution:

ON,  const

Bk~ T o Mk
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Conclusion.
Results.

@ Performed simulation of the isotropic turbulence of gravity waves with
the pumping narrow in frequency domain and significant scale
available for development of inverse cascade.

@ Observed formation of the inverse cascade and condensate in low
frequencies.

@ Currently observed slopes of the inverse cascade are close to

ni ~ k=397 which differ significantly from theoretically predicted
P ~ k=23/6 ~ k=383

o Explanation through WTT theory in the presence of strong condensate
is proposed: ny ~ k3.
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